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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
33 ]. This is test number [ 168 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.3 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (33) | 0.00 (0)
Mathematica | 100.00 ( 33 ) | 0.00 (0 )
Fricas | 100.00 (33) | 0.00 (0)
Maple | 93.94 (31) | 6.06 (2)
Giac 93.94 (31) | 6.06(2)
Maxima | 93.94 (31) | 6.06 (2)
Mupad 2727(9) | 72.73 (24
Sympy 27.27 (9) | 72.73 (24

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 72.727 0.000 0.000 27.273
Mathematica 72.727 0.000 0.000 27.273
Giac 51.515 0.000 15.152 33.333
Maple 45.455 6.061 15.152 33.333
Fricas 18.182 54.545 0.000 27.273
Maxima, 18.182 39.394 9.091 33.333
Mupad 0.000 0.000 0.000 100.000
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS



The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of



error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Maple 2 100.00 0.00 0.00
Giac 2 100.00 0.00 0.00
Maxima, 2 100.00 0.00 0.00
Mupad 24 0.00 100.00 0.00
Sympy 24 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.



System Mean time (sec)
Rubi 0.06
Maple 0.09
Fricas 0.26
Giac 0.27
Maxima 0.39
Mathematica 1.44
Mupad 1.57
Sympy 5.27

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 14.89 0.92 14.00 0.90
Mupad 17.67 1.08 18.00 1.11
Giac 91.00 0.93 79.00 0.93
Mathematica | 100.94 1.07 109.00 1.13
Rubi 104.94 1.00 91.00 1.00
Maple 123.48 1.05 79.00 1.00
Maxima 249.90 2.37 123.00 1.94
Fricas 296.58 2.28 132.00 1.95

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.
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Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width

Rubi Mma
7, —
150 @ 6f—
©
g5
10} S 4f —
s}
50
5t § ot
1 ] —‘
ol e I | .
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.0 02 0.4 0.6 0.8 1.0 1.2
CPU time (sec) CPU time (sec)
Maple Fricas
12 25¢
10+ g 20F
[=2]
8 2 15¢
6F k5
& 10f
il £
oL z 5t
0 . . . 0 . . . .
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.20 0.22 0.24 0.26 0.28 0.30
CPU time (sec) CPU time (sec)
Giac Maxima
10
201
1]
s 8f
15} g
£ 6f
G
10 g 4l
E
5t Zz 2t
0 : : : : 0 : : :
0.20 0.22 0.24 0.26 0.28 0.30 020 025 030 035 040 045 0.50
CPU time (sec) CPU time (sec)
Sympy Mupad
1.0f 1.0f
®
©
0.5 o> 05¢
2
£
0.0 5 00
o
Qo
-0.5 é -0.5¢
-1.04 L L L L L 1.0k L L L L L
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

CPU time (sec)

CPU time (sec)
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time. This
should also be taken into account when looking at the timing of these three CAS systems.
Direct calls not using sagemath would result in faster timings, but current implementation
uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{4 Pl 141519232730, 33}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.
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1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.
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Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

& J

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib ‘
‘ maxima_lib.set('extra_definite_integration_methods', '[]') ‘
L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-

[from-using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath]|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
Ry
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)

expr = SR(expr)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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X, aa = expr.operator(), expr.operands|() ‘
if x is None: ‘
return 1 |
else: |
return 1 + sum(tree_size(a) for a in aa) |

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert [ Maple script + grading+ verification r_’. >
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

[ Mathematica script + grading +verification ]4>
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independent integration test
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build system

One record (line) per one integral result. The line is CSV comma’separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

WoONOUMEWN PR

@~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx Designvsdx

So

©
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CHAPTER 2

DETAILED SUMMARY TABLES OF
RESULTS
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2.1 List of integrals sorted by grade for each

CAS
Rubi . . . . e e
Mma . . . . e e 22
Maple . . . . . . e e e e 23
Fricas . . . . . . e e e e e 23
Maxima . . . . . o e e e e e e e e 23
GIaC . . . e 23]
Mupad . . . . . . e e 24
SYMDY . .« o o e e e e e e 24

Rubi

A grade { (125,50 7510012 1310 7 13,20 21,2224 65,26, B3 E9,51,52 )
B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Mma

A grade {1,550 B 0L 203 16,7 52020 22, 2, 25,0 B8 59, B2 )
B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }



Maple

A grade {[LBBBMEGITE0EIEEIEG )
B grade {[2831]}

C grade {[11}[12[L3}[25}[26] }

F normal fail {[5}[10]}
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[3|[8[L3][18[22][26] }

B grade { [L5,6/7 10{[1/[2 617 20,21, 2425, 2589 515 )
C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Maxima

A grade {[10[7 320202 )
B grade {[JEE60E02MEEE6152 )
C grade {[24,[25][26] }

F normal fail {[}[10]}

F(-1) timedout fail { }

F(-2) exception fail { }

Giac

A grade {2,567 16,17 18 20,21, 22 3 25, 29,5160 )
B grade { }

C grade { [I1}[12}[13][25]26] }

F normal fail {[5][10 }

F(-1) timedout fail { }

F(-2) exception fail { }

23
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Mupad

A grade { }

B grade { }

C grade { }

F normal fail { }

(1) timedout fail {125,551 I0) 1) 2 (03107 1520, 21, 22, 2, 25,26, 25, 29,
B2}
F(-2) exception fail { }

Sympy

A grade { }

B grade { }

C grade { }

F normal fail { [ 5,6 B I0)I1 2 310/[7 15, 20,21 23 23 £5 20,25, 29,5152 )
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time

is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is

given as F(-2) if the failure was due to an exception being raised, which could indicate a

bug in the system. If the failure was due to integral not being evaluated within the time

limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size’
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 225 225 149 252 755 429 0 163 0

N.S. 1 1.00 0.66 1.12 3.36 1.91 0.00 0.72 0.00
time (sec) N/A 0.128 0.207 0.079 0452 0.265 0.000 0.262 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 111 111 130 124 611 344 0 121 0

N.S. 1 1.00 1.17 1.12 5.50 3.10 0.00 1.09 0.00
time (sec) N/A 0.034 0.103 0.048 0399 0.290 0.000 0.268 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 91 91 105 83 464 112 0 79 0

N.S. 1 1.00 1.15 0.91 5.10 1.23 0.00 0.87 0.00

time (sec) N/A 0.024 0.051 0.033 0.366 0.264 0.000 0.271 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 15 15 17 15 17 17 14 17 17
N.S. 1 1.00 1.13 1.00 1.13 1.13 0.93 1.13 1.13
time (sec) N/A 0.009 0.259 0.023 0.752  0.264 0.643 0.263 1.555
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 107 107 132 0 0 330 0 0 0
N.S. 1 1.00 1.23 0.00 0.00 3.08 0.00 0.00 0.00
time (sec) N/A 0.064 4.537  0.000 0.000  0.247 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 227 227 152 244 834 466 0 167 0
N.S. 1 1.00 0.67 1.07 3.67 2.05 0.00 0.74 0.00
time (sec) N/A 0.120 0.202 0.083 0.454  0.260 0.000 0.270 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 112 112 134 120 674 384 0 123 0
N.S. 1 1.00 1.20 1.07 6.02 3.43 0.00 1.10 0.00
time (sec) N/A 0.046 0.103 0.050 0.390 0.261 0.000 0.266 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 91 91 109 79 511 116 0 81 0
N.S. 1 1.00 1.20 0.87 5.62 1.27 0.00 0.89 0.00
time (sec) N/A 0.024 0.051 0.035 0.368  0.250 0.000 0.263 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 20 20 14 18 18
N.S. 1 1.00 1.12 1.00 1.25 1.25 0.88 1.12 1.12
time (sec) N/A 0.009 0.446 0.023 0.727  0.250 0.657 0.271  1.557
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 108 108 136 0 0 370 0 0 0
N.S. 1 1.00 1.26 0.00 0.00 3.43 0.00 0.00 0.00
time (sec) N/A 0.067 5.784  0.000 0.000 0.266 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 66 66 72 75 183 129 0 53 0
N.S. 1 1.00 1.09 1.14 2.77 1.95 0.00 0.80 0.00
time (sec) N/A 0.050 0.109 0.077 0.278  0.270 0.000 0.264 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 52 52 76 49 123 106 0 43 0
N.S. 1 1.00 1.46 0.94 2.37 2.04 0.00 0.83 0.00
time (sec) N/A 0.020 0.054 0.047 0.265  0.253 0.000 0.267 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 39 39 22 25 94 14 0 21 0
N.S. 1 1.00 0.56 0.64 2.41 0.36 0.00 0.54 0.00
time (sec) N/A 0.012 0.018 0.028 0.264 0.244 0.000 0.262 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 13 13 15 11 13 13 12 13 13
N.S. 1 1.00 1.15 0.85 1.00 1.00 0.92 1.00 1.00
time (sec) N/A 0.011 4.956 0.034 0.641 0.249 0.652 0.251 1.551
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 13 13 15 11 13 13 14 13 13
N.S. 1 1.00 1.15 0.85 1.00 1.00 1.08 1.00 1.00
time (sec) N/A 0.032 6.318 0.024 0477  0.243 0.439 0.268 1.567
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 268 268 176 281 294 766 0 182 0
N.S. 1 1.00 0.66 1.05 1.10 2.86 0.00 0.68 0.00
time (sec) N/A 0.189 0.516 0.177 0.301 0.261 0.000 0.263 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 136 136 155 141 200 647 0 142 0
N.S. 1 1.00 1.14 1.04 1.47 4.76 0.00 1.04 0.00
time (sec) N/A 0.075 0.274 0.136 0.274  0.259 0.000 0.265 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 110 110 140 94 96 128 0 94 0
N.S. 1 1.00 1.27 0.85 0.87 1.16 0.00 0.85 0.00
time (sec) N/A 0.050 0.097 0.092 0.272  0.248 0.000 0.262 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 17 17 19 17 51 19 15 19 19
N.S. 1 1.00 1.12 1.00 3.00 1.12 0.88 1.12 1.12
time (sec) N/A 0.023 4.715 0.052 0.349 0.275 0.841 0.283 1.570
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 268 268 181 273 322 843 0 186 0
N.S. 1 1.00 0.68 1.02 1.20 3.15 0.00 0.69 0.00
time (sec) N/A 0.168 0.509 0.159 0.294  0.271 0.000 0.274 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 136 136 161 137 216 729 0 144 0
N.S. 1 1.00 1.18 1.01 1.59 5.36 0.00 1.06 0.00
time (sec) N/A 0.071 0.273 0.127 0.289  0.283 0.000 0.283 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 110 110 144 90 96 132 0 96 0
N.S. 1 1.00 1.31 0.82 0.87 1.20 0.00 0.87 0.00
time (sec) N/A 0.051 0.103 0.097 0.262  0.251 0.000 0.266 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 51 22 15 20 20
N.S. 1 1.00 1.11 1.00 2.83 1.22 0.83 1.11 1.11
time (sec) N/A 0.026 5.765 0.055 0.343 0.247 0.867 0.286 1.559
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 68 99 7 113 268 0 61 0
N.S. 1 1.00 1.46 1.13 1.66 3.94 0.00 0.90 0.00
time (sec) N/A 0.084 0.155 0.200 0.304 0.250 0.000 0.260 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C C B F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 88 75 121 306 0 70 0
N.S. 1 1.00 1.17 1.00 1.61 4.08 0.00 0.93 0.00
time (sec) N/A 0.044 0.152 0.168 0.317  0.268 0.000 0.282 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 56 56 48 49 45 41 0 42 0
N.S. 1 1.00 0.86 0.88 0.80 0.73 0.00 0.75 0.00
time (sec) N/A 0.026 0.050 0.109 0.264 0.249 0.000 0.265 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 15 15 17 13 43 15 14 15 15
N.S. 1 1.00 1.13 0.87 2.87 1.00 0.93 1.00 1.00
time (sec) N/A 0.022 6.504 0.069 0.322 0.248 0.766 0.263 1.558
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 261 261 194 460 536 633 0 227 0
N.S. 1 1.00 0.74 1.76 2.05 2.43 0.00 0.87 0.00
time (sec) N/A 0.141 0.360 0.219 0.365 0.269 0.000 0.266 0.000




31

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 128 128 146 200 254 412 0 139 0
N.S. 1 1.00 1.14 1.56 1.98 3.22 0.00 1.09 0.00
time (sec) N/A 0.054 0.162 0.061 0.282 0.260  0.000 0.268 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 19 19 21 19 21 21 17 21 21
N.S. 1 1.00 1.11 1.00 1.11 1.11 0.89 1.11 1.11
time (sec) N/A 0.012 0.892 0.023 0.676  0.249 0.538 0.269 1.573
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 311 311 240 528 603 1142 0 263 0
N.S. 1 1.00 0.77 1.70 1.94 3.67 0.00 0.85 0.00
time (sec) N/A 0.289 0.920 0.293 0.466  0.266 0.000 0.281 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 160 160 177 231 301 (e 0 165 0
N.S. 1 1.00 1.11 1.44 1.88 4.86 0.00 1.03 0.00
time (sec) N/A 0.112 0.440 0.162 0.373  0.273 0.000 0.281 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 21 21 23 21 72 23 19 23 23
N.S. 1 1.00 1.10 1.00 3.43 1.10 0.90 1.10 1.10
time (sec) N/A 0.032 2.490 0.049 0.364  0.246 41.993 0.298 1.613
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf
number of rules
integrand size
is, the harder the integral is to solve. In this test file, problem number [11] had the largest

ratio of [.538499999999999979]

size of the integrand. Finally the ratio is also given. The larger this ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of n(Trma?lize.d integrand umber of rules
# | grade i“:é); uzﬁ;e antlfa(}r:i/jzlve leaf size integrand leaf size
1 A 12 7 1.00 15 0.467
2 A 6 ) 1.00 13 0.385
3 A ) 4 1.00 11 0.364
4 | N/A 0 0 1.00 15 0.000
0 A 7 ) 1.00 33 0.152
6 A 12 7 1.00 16 0.438
7 A 6 ) 1.00 14 0.357
3 A 5 4 1.00 12 0.333
9 | N/A 0 0 1.00 16 0.000
10 A 7 5 1.00 35 0.143
11 A 12 7 1.00 13 0.538
12 A 6 5 1.00 11 0.454
13 A ) 4 1.00 9 0.444
14/ | N/A 0 1.00 13 0.000
N/A 0 1.00 13 0.000
16 A 14 8 1.00 17 0.471
17, A 8 6 1.00 15 0.400
118 A ) 1.00 13 0.385
N/A 0 0 1.00 17 0.000
20 A 14 8 1.00 18 0.444
21 A 8 6 1.00 16 0.375
22 A 7 ) 1.00 14 0.357
23| N/A 0 0 1.00 18 0.000
Continued on next page
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number of

number of

normalized

# | gade| s | i | ancerimive | CEO | R,
24| A 14 8 1.00 15 0.533
25| A 8 6 1.00 13 0.462
260 A 7 b 1.00 11 0.454
27| N/A 0 0 1.00 15 0.000
28 | A 12 7 1.00 19 0.368
29| A 6 5 1.00 17 0.294
30| N/A 0 0 1.00 19 0.000
31| A 14 8 1.00 21 0.381
32| A 8 6 1.00 19 0.316
33| N/A 0 0 1.00 21 0.000
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CHAPTER 3

LISTING OF INTEGRALS

3.1 Jz?cosh(a+bz+cz®)dr . ... ...
32  [zcosh(a+br+cz?)dr . ... ... ...
33  Jeosh(a+br+ex®)de ... ... .
34 [ o e
3.5 f cosh(:+bm+cz2) _ bsinh(a+bm+cm2)) d.’IJ

: — ) .2
36  [zPcosh(a+br—cz®)dr . .. ... ... . ...
37  [zcosh(a+br—cr?)dr . ... ... ..
38  [eosh(ad+br—cz®)dr . .. ... .
3.0 [t
a0 () bt g,
311  [a?cosh(3+a+2?)dz .. ... ... ...
312 [zcosh(;+z+a?)de ... ... ...
313 fceosh(3+z+a®)dz . .. .. ...
304 [RGrTR) G
3.5 [hGreted) g
316  [2%cosh® (@ +bx+cx?)dr . . . .o
317 [mcosh®(a+br+cx®)dr . . . . ...
318 [cosh®(a+bx+cx?)dr . .. ...
319 [eleterer) o
320 [2%cosh®(a+bx—cx?)dr . . . ...
321 [mcosh®(a+br—cx®)dr . . . . ...
322 [cosh®(a+bx—cx?)dx . . .. ...
3.3 [elethemer) o .
324  [zPcosh® (4z+a)dr .. ... ..
325 [zcosh®(3+z+a¥)dr ... ...



3.26

3.27
3.28
3.29
3.30
3.31
3.32

3.33

[cosh? (2 + z+ z?) da
cosh2(%+x+z2) dr
[ (d + ex)? cosh (a + bz + cz?) dz

[(d+ ez) cosh (a + bz + cx?) dz
cosh(a+bm+cz2) dr

d+ex

(d + ex)? cosh® (a + bx + cx?) dx

(d + ex) cosh? (a + bz + c2?) dx
cosh? (a+bw+cm2) d.’E

d+ex
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3.1 [ 2% cosh (a + bz + cx?) dx

Optimal result . . . . . . . . . . . e 37
Rubi [A] (verified) . . . . . . . . 37
Mathematica [A] (verified) . . . . . . . . . .. . 39
Maple [A] (verified) . . . . . . . . .. 40)
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... A0
Sympy [F] . . o 41
Maxima [B] (verification not implemented) . . . . . . . ... ... .. L. 41
Giac [A] (verification not implemented) . . . . . . .. ... .. Lo L. 42
Mupad [F(-1)] . . . . o 42

Optimal result

Integrand size = 15, antiderivative size = 225

—a+ \/_erf( bt2cz > S \/_erf( bt2cz >
_|_

/x2 cosh (a + bz + cz?) dz =

1605/ 2 8¢3/2
b2 a— 4c \/_erﬁ < b+20z) a 4c \/_erﬁ ( b+20m)
+ 16¢5/2 8¢3/2
bsinh (a + bx + cz?) = xsinh (a + bx + cx?)
= +
4c? 2c

[Out] -1/4#b*sinh(c*x~2+b*x+a)/c”~2+1/2*x*sinh (c*x~2+b*x+a)/c+1/16xb~2*exp(-a+1/4x*
b~2/c)*erf (1/2%(2%c*xx+b) /c~(1/2))*Pi~(1/2)/c~(5/2)+1/8*exp(-a+1/4*¥b~2/c) *er
f(1/2*%(2%c*xx+b) /c~(1/2))*Pi~(1/2) /c~ (3/2)+1/16*b"2xexp(a-1/4*xb~2/c)*erfi(1/

2% (2xc*x+b) /c~(1/2))*Pi~(1/2)/c~(5/2)-1/8*exp(a-1/4*b~2/c) *erfi (1/2x (2xc*x+
b)/c”(1/2))*Pi~(1/2)/c~(3/2)

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 225, normalized size of antiderivative = 1.00,

—7 number of rules _ 467,

integrand size Rules used

number of steps used = 12, number of rules used =
= {5495, 5491, 5483, 2266, 2235, 2236, 5482}

2 2
N <b‘;\2/%””> /e %erf (—%&?)

2 2 _
/x cosh (a + bz + cz?) dz = 62 + YYD
V/Th?e 4 erﬁ(b"‘?“) ﬁe“_%erﬁ(%)
+ 16¢5/2 - 8c3/2

bsinh (a + bx + cz?) = xsinh (a + bx + cx?)
= +
4c? 2c
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[In] Int[x"2*Cosh[a + b*x + c*x~2],x]

[Out] (b~2+#E~(-a + b~2/(4%c))*Sqrt[Pi]l*Erf[(b + 2*c*x)/(2*Sqrt[c]l)])/(16xc~(5/2))
+ (E"(-a + b~2/(4*c))*Sqrt [Pi]*Erf [(b + 2*c*x)/(2*%Sqrtlc])])/(8%c~(3/2)) +
(b~"2*E~(a - b~2/(4%c))*Sqrt[Pi]*Erfi[(b + 2*c*x)/(2%Sqrt[c]l)])/(16%c~(5/2)

) - (E"(a - b™2/(4%c))*Sqrt [Pi]*Erfi[(b + 2x*c*x)/(2*Sqrt[c]l)])/(8%c~(3/2))

- (bxSinh[a + b*x + c*x72])/(4*c”2) + (x*Sinh[a + b*x + c*x72])/(2%c)

Rule 2235

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[b*Log[F], 2]11/(2*d*Rt[b*Log[F], 21)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*Logl[F], 2]1)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2*c*x)"2/(4xc)), x]1, x] /; FreeQ[{F, a, b, c}, x]

Rule 5482

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b¥x + c*x”~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[ex(Sinh[a + b*x + c*x~2]/(2*c)), x] - Dist[(b*e - 2*c*d)/(2*c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5495

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_))"(m_), x_Sy
mbol] :> Simp[ex(d + exx)~(m - 1)*(Sinh[a + b*x + c*x72]/(2%c)), x] + (-Dis
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t[(bxe - 2xcxd)/(2*c), Int[(d + e*x)"(m - 1)*Cosh[a + b*x + c*x~2], x], x]
- Dist[e™2*%((m - 1)/(2%c)), Int[(d + e*x)~(m - 2)*Sinh[a + b*x + c*x~2], x]
, x]1) /; FreeQ[{a, b, c, d, e}, x] & GtQ[m, 1] && NeQ[bxe - 2xc*d, 0]

Rubi steps
inteeral = zsinh (a + bz + cz?) _ [ sinh (a + bz + cz?) dz 3 b [z cosh (a + bz + cz?) dz
& N 2¢ 2c 2
bsinh (a + bx + cx®)  zsinh (a + bz + cz?)
- +
4c? 2c
N b? [ cosh (a + bz + cz?) dz N [emamta—ea® g [ eatbares® gy
4c2 4c 4c
bsinh (a + bx + cz?) + zsinh (a + bz + cx?) N v [ e—a—bz—cz?® o
B 4c? 2c 8¢2
cT 2 —b—2cz)?
v [ eotbeten® o ga—ig f P 2 + et i e
8¢c? 4c 4c

a+4c\/—erf(b+2cx> ekaﬁerﬁ(@f/?) _ bsinh (a + bz + cz?)

8c3/2 B 8c3/ 2 4c?
a— (b+2cz) —a g _(—b—2cz)2
L zsinh (a + bx + cx?) N (b2 ) Je e dx N (er +4”> Je e dx
2c 8c? 8c?
2e—at 2 V/merf ( b;j%’”) —at \/_ erf ( bt2cx ) \/_ erfi <b+2c”)
B 16072 * 872 + 16057
a—ﬁ b+2cx
e ﬁerﬁ( o ) bsinh (a + bx + cz?) L2 sinh (a + bz + cx?)
8¢c3/2 4c? 2¢c

Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.66

/z2 cosh (a + bz + cx2) dx

(6% + 2¢) ﬁerf(b;rf/?) (cosh (a - %) — sinh (a — %)) (b% — 2¢) \/_erﬁ<b+2c’”> <cosh (a — %) + si
- 16¢5/2

[In] Integrate[x~2*Cosh[a + b*x + c*x~2],x]

[Out] ((b~2 + 2*xc)*Sqrt[Pil*Erf[(b + 2xc*x)/(2xSqrt[c])I*(Cosh[a - b~2/(4%c)] - S
inh[a - b~2/(4%c)]) + (b™2 - 2*c)*Sqrt[Pi]*Erfi[(b + 2*c*x)/(2*Sqrt[c])]*(C
osh[a - b™2/(4%c)] + Sinh[a - b"2/(4%c)]) + 4*xSqrt[cl*(-b + 2%c*x)*Sinh[a +

x*(b + c*x)])/(16%c™(5/2))
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Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.12

method | result

4ac—b2 4ac—b2
be—czi—br—a b?/me”  4c erf(\/Ex—l—zLﬁ) Jme 4c erf(\/Ex+2%}E>
+ + .
c

e¢ z2+bz+a

X
+ 4c

(Sl
()

me—czz—bz—a

risch — = + 52

5
16¢c2

[In] int(x"2*cosh(c*x~2+b*x+a),x,method=_RETURNVERBOSE)

[Out] -1/4/c*x*exp(-c*x~2-b*x-a)+1/8%b/c~2*exp(-c*x~2-bxx-a)+1/16xb~2/c~(5/2)*Pi~
(1/2) *exp(-1/4* (4*xaxc-b~2) /c)*xerf (c~(1/2) *x+1/2xb/c~(1/2))+1/8/c~(3/2) *Pi~(

1/2) *exp(-1/4* (4*axc-b~2) /c)*xerf (c~(1/2) *x+1/2%b/c~(1/2))+1/4/c*x*exp(c*xx~2
+b*x+a)-1/8%b/c~2*xexp (cxx~2+b*x+a) -1/16*%b"2/c~2*%Pi~ (1/2) xexp (1/4* (4*a*xc-b"2
)/c)/(=c)~(1/2)*erf (-(-c)~(1/2) *x+1/2%b/(-c) " (1/2) ) +1/8/c*Pi~ (1/2) *exp (1/4x
(4xaxc-b~2)/c)/(-c)~(1/2) *xerf (- (-c)~(1/2) *x+1/2%b/ (-c)~(1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 429 vs. 2(169) = 338.

Time = 0.27 (sec) , antiderivative size = 429, normalized size of antiderivative = 1.91

/z2 cosh (a + bz + cx2) dr =

4c*x — 2(2 Rz — be) cosh (cz? + bz + a)” + \/7_r<(b2 — 2¢) cosh (cz? + bz + a) cosh (—bzz—i“c> + (b —

[In] integrate(x~2*cosh(c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/16%(4*c™2xx - 2%(2%c”2*%x - b*c)*cosh(c*x"2 + bxx + a)~2 + sqrt(pi)*((b~2
- 2xc)*cosh(c*x"2 + b*x + a)*cosh(-1/4*(b"2 - 4*axc)/c) + (b~2 - 2%c)*cosh
(c*x™2 + b*x + a)*sinh(-1/4%(b~2 - 4x*ax*c)/c) + ((b™2 - 2*xc)*cosh(-1/4*(b"2
- 4xaxc)/c) + (b™2 - 2*c)*sinh(-1/4%(b~2 - 4x*a*c)/c))*sinh(c*x"2 + b*x + a)
)*sqrt (-c)*erf (1/2*(2*c*x + b)*sqrt(-c)/c) - sqrt(pi)*((b~2 + 2xc)*cosh(c*x
2 + b*x + a)*xcosh(-1/4%(b~2 - 4*ax*c)/c) - (b”2 + 2xc)*cosh(c*x"2 + b*x + a
)*sinh(-1/4%(b~2 - 4xaxc)/c) + ((b~2 + 2xc)*cosh(-1/4%(b~2 - 4xaxc)/c) - (b
~2 + 2xc)*sinh(-1/4%(b~2 - 4*axc)/c))*sinh(c*x~2 + bxx + a))*sqrt(c)*erf(1/
2% (2*%c*x + b)/sqrt(c)) - 4*(2%c”2*%x - b*c)*cosh(c*x”2 + bxx + a)*sinh(c*x"2
+ b*x + a) - 2%(2*xc”2*x - b*c)*sinh(c*x"2 + b*x + a)~2 - 2%b*c)/(c"3*cosh(
c*x"2 + b*x + a) + c”3*sinh(c*x"2 + b*x + a))
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Sympy [F]
/x2 cosh (a + bz + cz?) dz = /x2 cosh (a + bz + c2?) d

[In] integrate(x**2*cosh(ckx**2+b*x+a),x)

[Out] Integral(x**2*cosh(a + b*x + ckx**2), x)

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 755 vs. 2(169) = 338.

Time = 0.45 (sec) , antiderivative size = 755, normalized size of antiderivative = 3.36

/ z? cosh (a + bz + cxz) dx = Too large to display

[In] integrate(x~2*cosh(c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/3*x"3*cosh(c*x”2 + bxx + a) + 1/96*(sqrt(pi)*(2xc*x + b)*b~3*(erf (1/2*sqr
t(-(2%c*x + b)~"2/c)) - 1)/(sqrt(-(2xc*x + b)~2/c)*c”(7/2)) - 6xb~2%e” (1/4*(
2xcxx + b)~2/c)/c”(5/2) - 12%(2*c*x + b) “3xb*gamma(3/2, -1/4*(2*c*x + b)~2/
c)/((-(2%cxx + b)"2/c)"(3/2)*c™(7/2)) + 8*gamma(2, -1/4%(2*c*x + b)~2/c)/c”
(3/2))*b*e”(a - 1/4%¥b~2/c)/sqrt(c) - 1/96x*(sqrt(pi)*(2xcxx + b)*b~4*(erf(1/
2xsqrt (-(2xc*x + b)~2/c)) - 1)/(sqrt(-(2*cxx + b)~2/c)*c~(9/2)) - 8*b~3xe”(
1/4%(2xc*x + b)~2/c)/c”(7/2) - 24x(2xcxx + b) “3%b~2*gamma (3/2, -1/4*(2xc*x
+ b)~"2/c)/((-(2%c*x + b)~2/c)~(3/2)*c~(9/2)) + 32*b*gamma (2, -1/4*(2*kc*xx +
b)~2/c)/c”(5/2) - 16%(2*c*x + b) “bkgamma(5/2, -1/4%(2xc*x + b)~2/c)/((-(2*c
*x + b)~2/c)~(5/2)*%c~(9/2)) ) *sqrt(c)*e”(a - 1/4*b"2/c) - 1/96x(sqrt(pi)*(2x*
c*x + b)*b~3x(erf (1/2*sqrt((2*c*x + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-
c)~(7/2)) + 6xb~2kcke”(-1/4%(2*%c*x + b)~2/c)/(-c)~(7/2) - 12%(2%c*x + b) 3%
bxgamma (3/2, 1/4*(2xcxx + b)~2/c)/(((2*c*x + b)~2/c)~(3/2)*x(-c)~(7/2)) + 8%
c"2xgamma (2, 1/4%(2*c*x + b)~2/c)/(-c)~(7/2))*b*e"(-a + 1/4*b~2/c)/sqrt(-c)
- 1/96*(sqrt (pi) *(2*c*x + b)*b~4*(erf (1/2*sqrt ((2*c*x + b)~2/c)) - 1)/(sqr
t((2xc*x + b)"2/c)*(-c)~(9/2)) + 8*b~3*cxe” (-1/4%(2*c*x + b)~2/c)/(-c)~(9/2
) — 24x(2xc*x + b) "3*%b"2xgamma (3/2, 1/4*%(2*c*x + b)~2/c)/(((2*%cxx + b)~2/c)
~(3/2)*(-c)~(9/2)) + 32*b*c~2xgamma(2, 1/4*%(2*c*x + b)~2/c)/(-c)~(9/2) - 16
*x(2xcxx + b) “b*gamma(5/2, 1/4%(2*c*x + b)~2/c)/(((2*xc*x + b)~2/c)~(5/2)*(-c
)~(9/2)))*cxe”(-a + 1/4%b~2/c)/sqrt(-c)
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Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 163, normalized size of antiderivative = 0.72

/x2 cosh (a + bz + cz?) dz

b2—dac
VA429 erf(—;{;c(2w+2>>e(T) +2(c(20+ ) — 2p) el b0
== 16 ¢2
b2—4ac
Vv (b?—2¢) erf(—éJj;(ch—i-lc’))e(_“) _9 (0(2:1; + IE)) i 2b)€(cx2+bx+a)
- 16 ¢2

[In] integrate(x~2*cosh(c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/16%(sqrt(pi)* (b2 + 2x*c)*erf(-1/2*sqrt(c)*(2*xx + b/c))*e~(1/4x(b"2 - 4*a
xc)/c)/sqrt(c) + 2%(c*(2*x + b/c) - 2*b)*e”(-c*x"2 - b*x - a))/c™2 - 1/16%(
sqrt(pi)*(b~™2 - 2xc)*erf(-1/2*sqrt(-c)*(2*x + b/c))*e~(-1/4x(b~2 - 4x*ax*c)/c
)/sqrt(-c) - 2x(cx(2*%x + b/c) - 2*¥b)*e~(c*xx™2 + b*x + a))/c”2

Mupad [F(-1)]

Timed out.

/w2cosh (a—l—bx+cz2) dr = /z2cosh(cx2+bm+a) dzx

[In] int(x"2*cosh(a + b*x + c*x~2),x)

[Out] int(x"2*cosh(a + b*x + c*x~2), x)
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3.2 [ zcosh (a + bz + cx?) dzx

Optimal result . . . . . . . . . . e 43]
Rubi [A] (verified) . . . . . . . . 43
Mathematica [A] (verified) . . . . . . . . . .. 5]
Maple [A] (verified) . . . . . . . .. 45
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .. ..... 45
Sympy [F] . . o 40
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 46
Giac [A] (verification not implemented) . . . . . . . .. ... L. 47
Mupad [F(-1)] . . . .o 47

Optimal result

Integrand size = 13, antiderivative size = 111

2
be~o+ic \/mert ( b';f/? )

/zcosh (a+bz+cz?) do = —

8c3/2
a—ﬁ b+2cx
be®” 4 \/7_rerﬁ< o ) sinh (a + bz + cz?)
B 8c3/2 + 2¢

[Out] 1/2*sinh(c*x~2+b*x+a)/c-1/8*b*exp(-a+1/4*b~2/c)*erf (1/2%(2*c*x+b)/c~(1/2))*
Pi~(1/2)/c~(3/2)-1/8*b*exp(a-1/4%b~2/c) *erfi(1/2*(2*c*x+b)/c~(1/2))*Pi~(1/2
)/c~(3/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 5, Lumber of rules _ () 385 Ryles used

' integrand size
= {5491, 5483, 2266, 2235, 2236}

2
ﬁbe%_“erfc%)

/zcosh (a-l— b:v+cx2) dr =

8c3/2
a—ﬁ b+2cx
V'mbe 4Cerﬁ< r0s ) N sinh (a + bz + cz?)
8c3/2 2c

[In] Int[x*Cosh[a + b*x + c*x~2],x]

[Out] -1/8%(b*xE~(-a + b~2/(4xc))*Sqrt[Pi]*Erf[(b + 2x*c#*x)/(2*Sqrt[c])])/c~(3/2) -
(b*E~(a - b~2/(4xc))*Sqrt [Pil*+Erfi[(b + 2xc*x)/(2+Sqrt[c])])/(8*c~(3/2)) +
Sinh[a + b*x + c*xx~2]/(2%c)
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Rule 2235

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[b*Log[F], 2]11/(2*d*Rt [b*Log[F], 21)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]*(Erf[(c + d*x)*Rt[(-b)*Log[F], 2]1]/(2*d*Rt[(-b)*LoglF], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[ex(Sinh[a + b*x + c*x72]/(2%c)), x] - Dist[(b*e - 2%c*d)/(2xc), In
t[Cosh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rubi steps
integral = sinh (a + bz + cxz?) b [ cosh (a + bz + cz?) dz
2c 2
_ sinh(a+bz+cx) bfe bty p [ ertbote® gy
. 2e 4e 4c
CcT 2 _b—2cx 2
R e N e Nt

- 2c - dc - i

—a ﬁ b+2cx a—ﬁ b+2cx
be~t e ﬁerf( ;\/g > be® e \/7_rerﬁ< ;r\/a ) sinh (a + bz + cz?)
8c3/2 B 8¢3/2 + 2c
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.17

/xcosh (a+ bz +cz?) do
B bﬁerf(%&%“) (— cosh <a ) + sinh (a - —>> - b\/_erﬁ(b““) (cosh (a - %) + sinh (a - %)) :

803/2

[In] Integrate[x*Cosh[a + b*x + c*x~2],x]

[Out] (bxSqrt[Pil*Erf[(b + 2xcx*x)/(2*Sqrt[c])]*(-Cosh[a - b~2/(4%c)] + Sinh[a - b
~2/(4xc)]) - b*Sqrt[Pi]*Erfil[(b + 2*c*xx)/(2*Sqrt[c])]*(Cosh[a - b~2/(4*c)]
+ Sinh[a - b~2/(4xc)]) + 4*Sqrt[cl*Sinh[a + x*(b + c*x)])/(8+c~(3/2))

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.12

method | result size

2 b _ 4ac—b> ¢ b 2 b 4ac—b2 ¢ b
riSCh N e—cz—br—a . \/77‘6 dc er (\/Exdl'm) + ecz+bz+a + ﬁe tc €er (_V _C:r“l‘ﬁ) 124
4c 3 4c 8cv/—c

8c2

[In] int(x*cosh(c*x~2+b*x+a),x,method=_RETURNVERBOSE)

[Out] -1/4/c*exp(-c*x~2-b*x-a)-1/8%b/c~(3/2)*Pi~(1/2)*exp(-1/4*(4*xa*xc-b~2)/c)*erf
(c™(1/2)*x+1/2%b/c~(1/2))+1/4/c*exp (c*x~2+b*x+a)+1/8*b/c*Pi~ (1/2) *exp (1/4*(
4xaxc-b"2)/c)/(-c)~(1/2) *erf (-(-c)~(1/2) *x+1/2%b/(-c)~(1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 344 vs. 2(83) = 166.

Time = 0.29 (sec) , antiderivative size = 344, normalized size of antiderivative = 3.10

/accosh (a+ bz +cz?) do

2ccosh (ca? + bz +a)’ + ﬁ<b cosh (cz? + bz + a) cosh ( ) —4ac> + bcosh (cz? + bz + a) sinh ( s

[In] integrate(x*cosh(c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/8*%(2*cxcosh(c*xx™2 + b*x + a)~2 + sqrt(pi)*(b*cosh(c*x~2 + b*x + a)*cosh(-
1/4%(b~2 - 4xaxc)/c) + b*cosh(c*x™2 + b*x + a)*sinh(-1/4%(b"2 - 4xaxc)/c) +
(b*cosh(-1/4%(b~2 - 4xa*c)/c) + bxsinh(-1/4%(b~2 - 4xaxc)/c))*sinh(c*x"2 +
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bxx + a))*sqrt(-c)*erf (1/2x(2*c*x + b)*sqrt(-c)/c) - sqrt(pi)*(b*cosh(c*x™
2 + bxx + a)*cosh(-1/4%(b~2 - 4x*a*c)/c) - b*cosh(c*x"2 + b*x + a)*sinh(-1/4
*(b"2 - 4xaxc)/c) + (b*cosh(-1/4*x(b~2 - 4xa*c)/c) - b*sinh(-1/4*(b"2 - 4xax*
c)/c))*sinh(c*x"2 + b*x + a))*sqrt(c)*erf(1/2*(2*c*x + b)/sqrt(c)) + 4*cxco
sh(c*x"2 + b*x + a)*sinh(c*x”2 + b*x + a) + 2*cxsinh(c*x"2 + bxx + a)~2 - 2
*c)/(c"2*%cosh(c*x”"2 + b*x + a) + c 2*sinh(c*x™2 + b*xx + a))

Sympy [F]
/xcosh (a+ bz +cz?) do = /xcosh (a+ bz +cz?) do

[In] integrate(x*cosh(c*x**2+b*x+a),x)

[Out] Integral(x*cosh(a + b*x + cxx**2), x)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 611 vs. 2(83) = 166.

Time = 0.40 (sec) , antiderivative size = 611, normalized size of antiderivative = 5.50

1
/xcosh (a+ bz +cz?) dz = 5 2’ cosh (cz® + bz + a)
2
V(2 catb)b? (m(% \/—M)—l) it <(23”17“’)> 4(2cw+b)31“(%,—%) ; (- 22)
€ 4c
— — e
\/_Mc% C% (_ (2cz+b)2>%cg

32./c

CT 2 cT
| [ Vr@ez+ b (eff (% v —w) - 1) spe ") 12(2ea 4 0)%0(3, L) g
+o = - +-
32 /(2 czc-|-b)2 C% Cg (_ @ cz+b)2) % C%

2
V(2 ca+b)b? (m(% \/M) —1) i <—%ﬂ> 4(2 cm+b)31“(%,%) (~a+22)
+ e 5 - 3 be de
\/(2 Czc+b)2 (_c)% (—c)2 ((2 czc+b)2>7(_c)%
32+/—c
2
o () () (o) seraz)
+ - 3 +

\/(2 cz:»b)z (—C)% (—c)% ( (2 cz+b)2 ) (—C)% (_C)%

B 32+/—c

ce (-t

[In] integrate(x*cosh(c*x~2+b*x+a),x, algorithm="maxima")
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[Out] 1/2*x"2xcosh(c*x”2 + bxx + a) - 1/32%(sqrt(pi)*(2xc*x + b)*b~2*(erf (1/2*sqr
t(-(2%c*x + b)~2/c)) - 1)/(sqrt(-(2xc*x + b)~2/c)*c”(5/2)) - 4xbxe~(1/4%(2*
c*x + b)~"2/c)/c”(3/2) - 4x(2*c*x + b) " 3xgamma(3/2, -1/4*(2*c*x + b)~2/c)/((
—(2xcxx + b)~2/c)~(3/2)*c~(5/2)))*bxe~(a - 1/4%b"2/c)/sqrt(c) + 1/32*(sqrt(
pi)*(2*c*x + b)*b~3*(erf (1/2*sqrt(-(2*c*x + b)~2/c)) - 1)/(sqrt(-(2*c*x + b
)72/c)*c™(7/2)) - 6%b~2%e”(1/4%(2%c*x + b)~2/c)/c~(5/2) - 12%(2%c*x + b) 3%
bxgamma (3/2, -1/4*%(2*c*x + b)~2/c)/((-(2%c*x + b)~2/c)~(3/2)*xc~(7/2)) + 8xg
amma (2, -1/4x(2*c*x + b)~2/c)/c”(3/2))*sqrt(c)*e”(a - 1/4xb~2/c) - 1/32x%(sq
rt(pi) *(2*c*xx + b)*b~ 2% (erf (1/2*xsqrt((2*c*xx + b)~2/c)) - 1)/(sqrt((2*xc*x +
b)"2/c)*(-c)~(5/2)) + 4xbkcke” (-1/4%(2xc*x + b)~2/c)/(-c)~(5/2) - 4*(2xcx*x
+ b) "3*gamma (3/2, 1/4*%(2xc*x + b)~2/c)/(((2%c*x + b)~2/c)~(3/2)*(-c)~(5/2))
)*b*e” (-a + 1/4*%b~2/c)/sqrt(-c) - 1/32*(sqrt(pi)*(2*cxx + b)*b~3*(erf (1/2%s
qrt ((2xcxx + b)~2/c)) - 1)/(sqrt((2xcxx + b)~2/c)*(-c)~(7/2)) + 6*%b~2xcx*e”(
-1/4x(2xc*x + b)~2/c)/(-c)~(7/2) - 12%x(2*c*x + b) ~3*b*xgamma (3/2, 1/4*(2*c*x
+ b)"2/c)/(((2%cxx + b)~2/c)~(3/2)*%(-c)~(7/2)) + 8*c~2*%gamma(2, 1/4%(2%c*x
+ 0)72/c)/(-c)"(7/2))*cxe~(-a + 1/4*b~2/c)/sqrt(-c)

Giac [A] (verification not implemented)
none

Time = 0.27 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.09

\/Eberf(—% ﬁ(2x+%))e(b223ac>

-9 6(—cz2—bx—a)
/a:cosh (a+ bz +cz?) do = Ve

ﬁberf(—% ch(2z+g)>e< T)

+2 e(cac2+b:c+a,)
_|_

[In] integrate(x*cosh(c*x~2+b*x+a),x, algorithm="giac")

[Out] 1/8*(sqrt(pi)x*bkxerf(-1/2*sqrt(c)*(2*x + b/c))*e”(1/4x (b2 - 4*a*c)/c)/sqrt(
c) - 2%e"(-c*xx"2 - b*x - a))/c + 1/8%(sqrt(pi)*b*erf(-1/2*sqrt(-c)*(2*x + b
/c))*e”(-1/4%(b~2 - 4x*axc)/c)/sqrt(-c) + 2xe~(c*xx"2 + b*x + a))/c

Mupad [F(-1)]
Timed out.

/xcosh (a+ bz + cz?) dx:/xcosh(cx2+bx+a) dx

[In] int(x*cosh(a + b*x + c*x~2),x)

[Out] int(x*cosh(a + b*x + c*x"2), %)
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3.3 [ cosh (a + bz + cz?) dx

Optimal result . . . . . . . . . . . e 48]
Rubi [A] (verified) . . . . . . . . . 48]
Mathematica [A] (verified) . . . . . . . . ... . L Lo 19
Maple [A] (verified) . . . . . . . .. B
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ...... 50
Sympy [F] . . o o 50
Maxima [B] (verification not implemented) . . . . . . . ... ... ... 11
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 52
Mupad [F(-1)] . . . oo 52

Optimal result

Integrand size = 11, antiderivative size = 91

et \/7_rerf< b;‘j%z ) . o he V/merfi (b;'\z/%”’)
44/c 44/c

[Out] 1/4*exp(-a+1/4%b~2/c)*erf (1/2*(2xc*x+b)/c~(1/2))*Pi~(1/2)/c~(1/2)+1/4*exp(a
-1/4%b"2/c)*erfi(1/2x(2xcxx+b) /c~(1/2))*Pi~(1/2)/c”~(1/2)

/cosh (a + bz + cxz) dr =

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4, Bumber of rules _ 354 Ryjes yused = {5483,

' integrand size
2266, 2235, 2236}

b2 b2
2 _a b+2cx a— b+2czx
Vet erf(—Qﬁ ) Jmet 1 erﬁ( N )

/cosh(a+bx+cx2) dr = NG + e

[In] Int[Cosh[a + b*x + c*x~2],x]

[Out] (E~(-a + b~2/(4xc))*Sqrt[Pi]*Erf[(b + 2*cx*x)/(2*%Sqrt[c])])/(4xSqrtlc]l) + (E
~“(a - b~2/(4*c))*Sqrt [Pi]l*Erfi[(b + 2xcxx)/(2*Sqrt[c])])/(4xSqrtlc])

Rule 2235

Int[(F_)"((a_.) + (b_.)*x((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pil*(Erfil[(c + d*x)#*Rt[bxLog[F], 2]11/(2*d*Rt[b*Logl[F], 21)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236
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Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*Logl[F], 2]1)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b2/
(4%c)), Int[F~((b + 2xc*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rubi steps

1 1
integral = 3 / ea—te—cz? g, + 3 / eatbatea? 7.

1 b2 (b+2c:v)2 1 b2 (—b—202)2
=§e“_47 e 4 dac-l—ée_‘“LE e 1 dx

—atl \/_erf( b+2ca:> oot \/_erﬁ <b+2cm)
NG i 4/e

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.15

/COSh (a + bz + cxz) dz

B \/7_T<erf<b;r%> (COSh <a - Z—i) — sinh (a Z >> + erﬁ(b;r\z/‘i””> (cosh (a - %i) + sinh (a - %)))

- G

[In] Integrate[Cosh[a + b*x + c*x~2],x]

[Out] (Sqrt[Pi]*(Erf[(b + 2*c*x)/(2*Sqrt[c])]*(Cosh[a - b"2/(4*c)] - Sinh[a - b"2
/(4xc)]) + Erfi[(b + 2*c*x)/(2xSqrt[c])]*(Cosh[a - b~2/(4*c)] + Sinh[a - b~
2/(4xc)])))/(4xSqrt[c])
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.91

method | result size

4ac—b? 4ac—b?
isch Vre~ “Ie erf<\/5x+2—\b/z) Ve “%e erf(—\/—cx-l—%\/_fc)
risc 1ve = pay 83

[In] int(cosh(c*x~2+b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/4*%Pi~(1/2)*exp(-1/4*(4*a*c-b~2)/c)/c”(1/2)*erf(c”(1/2)*x+1/2%b/c~(1/2))-1
/4%Pi~(1/2)*exp(1/4* (4*xa*c-b~2)/c)/(-c)~(1/2)*erf (-(-c)~(1/2) *x+1/2xb/(-c)~

(1/2))
Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.23

/COSh (a+ bz + cz®) dz =
\/_\/_<COSh ( 4ac> + sinh < %)) erf <(20x—|2-l::)\/:2> \/_\/_<COSh ( b2 4ac> _ sinh <_b21i

4c¢

[In] integrate(cosh(c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/4%(sqrt(pi)*sqrt(-c)*(cosh(-1/4*(b~2 - 4*a*xc)/c) + sinh(-1/4*(b~2 - 4x*ax
c)/c))*erf(1/2*(2xc*x + b)*sqrt(-c)/c) - sqrt(pi)*sqrt(c)*(cosh(-1/4*(b~2 -
4xa*c)/c) - sinh(-1/4x(b~2 - 4xaxc)/c))*erf(1/2x(2*c*x + b)/sqrt(c)))/c

Sympy [F]

/cosh (a + bz + cx2) dr = /cosh (a + bz + cx2) dx

[In] integrate(cosh(c*x**2+bxx+a),x)

[Out] Integral(cosh(a + b*x + c*x**2), x)
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 464 vs. 2(65) = 130.
Time = 0.37 (sec) , antiderivative size = 464, normalized size of antiderivative = 5.10

\/7?(2cx+b)b<erf<% \/@)—1) 26(%) ) b (a_£>
e

4c

\/_ (2 cwc-i-b)2 C% \/E

2 (
/cosh(a—i—bx-l—cx)dz— WG

2 1 (2 cz+b)? (2 ca+b)2 cztb)2
1 V7(2cx +b)b (erf (5 V_T) — 1) 4be(47tb) 4(2cx—|—b)31"(%,—(2 41-1;)

> V&f(

8 /_ (@2 cavc+1>)2 oS c (_ (2 cz+b)? ) 3 ol

ﬁ(2a+b)b(erf(% w%)q) 206(—(2%%)2) (~a+22)
\/(2Cz:_b)2 o} + o3 be 4c

8+4/—c
(ﬁ(2w+b)b2 (m(% VM)*) N 4bce<—%t¢)2> B 4(2ca+b)°T S (2cw1—b)2))ce(a+ii)

3
2’
5
\/M(_C)% (—o)2 ((2 cz+b) ) 5

8v—c

+ z cosh (cz® + br + a)

[In] integrate(cosh(c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/8%(sqrt(pi)*(2*c*x + b)*bx(erf(1/2*sqrt(-(2*c*x + b)~2/c)) - 1)/(sqrt(-(2

xcxx + b)~2/c)*c”(3/2)) - 2xe~(1/4x(2xcxx + b)~2/c)/sqrt(c))*bxe~(a - 1/4%b
~2/c)/sqrt(c) - 1/8*(sqrt(pi)*(2*c*xx + b)*b~2*(erf (1/2*sqrt(-(2*c*x + b)~2/
c)) - 1)/(sart(-(2*c*xx + b)~2/c)*c™(5/2)) - 4xbxe~(1/4*(2xcxx + b)~2/c)/c”(
3/2) - 4x(2*c*x + b) "3xgamma(3/2, -1/4%(2*c*x + b)~2/c)/((-(2*c*x + b)~2/c)
~(8/2)*%c~(5/2)))*sqrt(c)*e~(a - 1/4*b"2/c) - 1/8*(sqrt(pi)*(2xc*x + b)*b*(e
rf (1/2xsqrt ((2%cxx + b)~2/c)) - 1)/(sqrt((2*cxx + b)~2/c)*(-c)~(3/2)) + 2*c
*xe” (-1/4*%(2%c*x + b)~2/c)/(-c)~(3/2))*bxe~(-a + 1/4xb~2/c)/sqrt(-c) - 1/8%(
sqrt (pi) *(2*c*xx + b)*b~ 2% (erf (1/2*sqrt((2*c*x + b)~2/c)) - 1)/(sqrt((2*c*x
+ b)~2/c)*(-c)~(5/2)) + 4xb*cxe”(-1/4*%(2*cxx + b)~2/c)/(-c)~(5/2) - 4*x(2*c*
X + b)"3xgamma(3/2, 1/4*(2*cxx + b)~2/c)/(((2*xc*x + b)~2/c)~(3/2)*(-c)~(5/2
)))*c*xe~(-a + 1/4*b~2/c)/sqrt(-c) + x*cosh(c*x"2 + b*x + a)
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Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.87

y o JTer (<3ve(2a+2)) e )
/cosh(a+bx+cx)dx—— 1ye 2
B Vvrerf (-3 v/=c(2z+ 2)) e(_b )
44/—c

[In] integrate(cosh(c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/4*sqrt(pi)*erf(-1/2xsqrt(c)*(2*x + b/c))*e”(1/4*%(b~2 - 4xaxc)/c)/sqrt(c)
- 1/4xsqrt(pi)*erf (-1/2*sqrt(-c)*(2*x + b/c))*e”(-1/4*%(b~2 - 4*axc)/c)/sqr

t(-c)

Mupad [F(-1)]
Timed out.
/cosh (a+ bz +cz?) do = /cosh(coc2 +bz+a) dz

[In] int(cosh(a + b*x + c*x~2),x)

[Out] int(cosh(a + b*x + c*x"2), x)
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Optimal result

RUDL [N/A] © © o oot e e e e e

Mathematica [N/A]

Maple [N/A] (verified)
Fricas [N/A] . . . . o o
Sympy [N/A] . . o

Maxima [N/A]

Giac [N/A] .« . o o
Mupad [N/A] . . . oo

Optimal result

cosh (a+bx+cz2) da

Integrand size = 15, antiderivative size = 15

/ cosh (a + bz + cx?)

T

dr = Int(

cosh (a + bz + cx?)

T

[Out] Unintegrable(cosh(c*x~2+b*x+a)/x,x)

Rubi [N/A]
Not integrable

)

53

Time = 0.01 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used = 0

/

cosh (a + bz + cz?)

X

number of rule

’ integrand size

2
dxz/cosh(a+bx+cx)

X

[In] Int[Cosh[a + b*x + c*x~2]/x,x]
[Out] Defer[Int] [Cosh[a + b*x + c*x~2]/x, x]

Rubi steps

integral = /

cosh (a + bz + cz?)

X

dz

5 = 0.000, Rules used = {}

dz
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Mathematica [N/A]

Not integrable
Time = 0.26 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

2 2
/cosh(a+bx+cx)dxz/cosh(a+sz+cx)d$
T

[In] Integrate[Cosh[a + b*x + c*x~2]/x,x]
[Out] Integrate[Cosh[a + b*x + c*x72]/x, x]

Maple [N/A] (verified)
Not integrable

Time = 0.02 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

2
/ cosh (cz x—l— bx + a) i

[In] int(cosh(c*xx~2+b*x+a)/x,x)

[Out] int(cosh(c*x~2+b*x+a)/x,x)

Fricas [N/A]

Not integrable
Time = 0.26 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

2 2
/cosh(a+bx+cx)dxz/cosh(czc x+bx+a)dx
T

[In] integrate(cosh(c*x~2+b*x+a)/x,x, algorithm="fricas")

[Out] integral(cosh(c*x”2 + b*x + a)/x, x)

Sympy [N/A]

Not integrable
Time = 0.64 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.93

/ cosh (a + bz + cx?) dp — / cosh (a + bz + cx?) i

T T

[In] integrate(cosh(c*x**2+bxx+a)/x,x)

[Out] Integral(cosh(a + b*x + c*x**2)/x, x)



Maxima [N/A]

Not integrable
Time = 0.75 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

2 2
/ cosh (a +xbx + cz?) dp — / cosh (cz m+ bz + a) s

[In] integrate(cosh(c*x~2+b*x+a)/x,x, algorithm="maxima")

[Out] integrate(cosh(c*x~2 + b*x + a)/x, x)

Giac [N/A]

Not integrable
Time = 0.26 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

T

/ cosh (a + bz + cx?) dp — / cosh (cz? + bx + a) i

T

[In] integrate(cosh(c*x~2+b*x+a)/x,x, algorithm="giac")

[Out] integrate(cosh(c*x”2 + b*x + a)/x, x)

Mupad [N/A]

Not integrable
Time = 1.56 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

2 2
/cosh(a+xbx+cx )dmz/cosh(cx ;—bx—l—a) s

[In] int(cosh(a + b*x + c*x"2)/x,x)

[Out] int(cosh(a + b*x + c*x~2)/x, X)

95
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35 f (cosh(a+bx+cx2) bsinh (a+bz-+cz?) ) du

Optimal result . . . . . . . . . . . .. e [Hol
Rubi [A] (verified) . . . . . . . . . . 56
Mathematica [A] (verified) . . . . . . . . . . ... bY
Maple [F] . . . . . B
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... bY
Sympy [F] . . o 5YY)
Maxima [F] . . . . . . e 59
Giac [F] . . . o o bY¢)
Mupad [F(-1)] . . . . 60)

Optimal result

Integrand size = 33, antiderivative size = 107

/ cosh (a + bz + cz?)  bsinh (a + bz + cz?) i
x? x
_cosh(a+bz+ecr?) 1

2
= — 5\/56_‘”% \/7_Terf(
x

b+ 2cx 1 b+ 2cx
e ) e B ()

[Out] -cosh(c*x~2+b*x+a)/x-1/2*exp(-a+1/4*xb~2/c)*erf (1/2*(2*c*xx+b)/c~(1/2))*c~(1/
2)*Pi~(1/2)+1/2xexp(a-1/4xb~2/c) *erfi (1/2* (2*c*x+b) /c”~(1/2))*xc~(1/2)*Pi~(1/
2)

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 5, Bumber of rules _ 159 Ryjles uged

' integrand size
= {5499, 5482, 2266, 2235, 2236}

/ cosh (a +bz +cz?)  bsinh (a + bz + cz?) i
x? x
b2

) + %x/??ﬁe“_@erﬁ (

1 o2 b+ 2cx b+ 2cz cosh (a + bz + cz?)
_ - c—%erf _
2\/7_'('\/664 er( NG NG )

[In] Int[Cosh[a + b*x + c*x"2]/x"2 - (b*Sinh[a + b*x + c*x~2])/x,x]

[Out] -(Cosh[a + b*x + c*x72]/x) - (Sqrtlc]*E~(-a + b~2/(4*c))*Sqrt[Pil*Erf[(b +
2xcxx)/(2*%Sqrt[c])])/2 + (Sqrtlcl*E~(a - b~2/(4*c))*Sqrt [Pi]l*Erfi[(b + 2%cx*
x)/(2*Sqrt[c])1)/2

Rule 2235

T



o7

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil(c + d*x)*Rt[b*Log[F], 2]11/(2*d*Rt[b*Log[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pi]*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*Logl[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F )~((a_.) + (b_.)*(x_) + (c_.)*(x_)~2), x_Symbol]l :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5482

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5499

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sy
mbol] :> Simp[(d + e*x)~(m + 1)*(Cosh[a + bxx + c*x"2]/(ex(m + 1))), x] + (
-Dist[(b*e - 2xc*xd)/(e”2*%(m + 1)), Int[(d + exx)~(m + 1)*Sinh[a + b*x + c*x
~2], x], x] - Dist[2*(c/(e”2x(m + 1))), Int[(d + exx)"(m + 2)*Sinh[a + b*x
+ c*xx~2], x], x]) /; FreeQ[{a, b, c, d, e}, x] && LtQ[m, -1] && NeQ[b*e - 2
xc*d, 0]

Rubi steps
: 2 2
integral = — (b/ sinh (a + bz + cz?) dx) N / cosh (a + 2bx + cz?) i
T T
h b 2
_ _cosh(a -:c 2+ cr’) + (2¢) /sinh (a+ bz + cz?) dx
2
— _COSh (a’ +wbx +cr ) _ c/e—a—bx—cazz dr + c/ea+bw+cm2 dr
2
= _COSh (a thrtcx ) + (ce“_ijc> /e(bﬁfm)2 dxr — (ce“”%) /6_(_17_4?@2 dx
T
h b o 2 b+2 1 2 b+2
e B P R ey
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Mathematica [A] (verified)

Time = 4.54 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.23

/ (cosh (a+bx +cz?)  bsinh(a+ bz + cxz)) i
x? x

—2cosh(a + z(b+ cx)) + \/_\/_xerf<b+2“) (— cosh (a — %) + sinh (a )) + \/_\/_xerﬁ<b+2cz> (

2x

[In] Integrate[Cosh[a + b*x + c*x~2]/x"2 - (b*Sinh[a + b*x + c*x~2])/x,x]

[Out] (-2*Cosh[a + x*(b + c*x)] + Sqrtlc]l*Sqrt[Pi]*x*Erf[(b + 2*c*x)/(2*Sqrt[c]l)]
*(-Cosh[a - b72/(4*c)] + Sinh[a - b72/(4*c)]) + Sqrtlc]l*Sqrt[Pi]*x*Erfi[(b
+ 2xc*xx)/(2%Sqrt[c])]1*(Cosh[a - b~2/(4*c)] + Sinh[a - b~2/(4%c)]))/(2%x)

Maple [F]

/(cosh(c:c2+bx+a) B bsinh(cx2+bx+a)> i

2 T

[In] int(cosh(c*x~2+b*x+a)/x"2-b*sinh(c*x~2+b*x+a)/x,x)

[Out] int(cosh(c*x~2+b*xx+a)/x~2-b*sinh(c*x~2+b*x+a)/x,x)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 330 vs. 2(81) = 162.

Time = 0.25 (sec) , antiderivative size = 330, normalized size of antiderivative = 3.08

x2 T

/ (cosh (a+bx+ca?)  bsinh (a—l—bx+cx2)) i —

\/7_r<x cosh (cz? + bz + a) cosh ( i 4‘”) + z cosh (cz? + bz + a) sinh ( %) + <:v cosh (—"22—‘:‘0

[In] integrate(cosh(c*x~2+b*x+a)/x"2-b*sinh(c*x~2+b*x+a)/x,x, algorithm="fricas"

)

[Out] -1/2*(sqrt(pi)*(x*xcosh(c*x"2 + b*x + a)*cosh(-1/4x(b~2 - 4*a*c)/c) + x*cosh
(c*x™2 + b*x + a)*sinh(-1/4*(b"2 - 4xa*c)/c) + (xxcosh(-1/4x(b~2 - 4xax*c)/c

) + x*sinh(-1/4*%(b~2 - 4xaxc)/c))*sinh(c*x”2 + b*x + a))*sqrt(-c)*erf (1/2x(

2xcxx + b)*sqrt(-c)/c) + sqrt(pi)*(x*cosh(c*x~2 + b*x + a)*cosh(-1/4*(b"2 -
4xaxc)/c) - xxcosh(c*x~2 + bxx + a)*sinh(-1/4*%(b~2 - 4x*a*c)/c) + (x*cosh(-

1/4% (b2 - 4xa*c)/c) - x*sinh(-1/4%(b~2 - 4*axc)/c))*sinh(c*x"2 + b*x + a))

xsqrt (c)*erf (1/2x(2*c*x + b)/sqrt(c)) + cosh(c*x™2 + b*x + a)~2 + 2*cosh(c*

X"2 + b*x + a)*sinh(c*x”2 + b*x + a) + sinh(c*x"2 + b*x + a)~2 + 1)/(x*cosh
(c*x™2 + b*x + a) + x*sinh(c*x”2 + bxx + a))
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Sympy [F]

2 T

/(COSh (a+bx +cz?) bsinh (a+bx+cm2)> ”
2 . )
:_/(_cosh(a+bx+cw)> dx_/bsmh(a—lrbx—kcx)dx

2 T

[In] integrate(cosh(c*x**2+b*x+a)/x**2-b*sinh (c*xx**2+b*x+a)/x,x)
[Out] -Integral(-cosh(a + b*x + c*x**2)/x*x2, x) - Integral(b*sinh(a + b*x + ckxx

*2)/x, X)

Maxima [F]

/ cosh (a +bz +cz?)  bsinh (a + bz + cz?) e
x? T
bsinh (cz? + bz +a)  cosh (cz? + bz + a)

= | - o + 2 dx

[In] integrate(cosh(c*x~2+b*x+a)/x"2-b*sinh(c*x~2+b*x+a)/x,x, algorithm="maxima"

)

[Out] integrate(-bxsinh(c*x”2 + b*x + a)/x + cosh(c*x™2 + b*x + a)/x"2, x)

Giac [F]
/ cosh (a +bz +cz®)  bsinh (a + bz + cz?) i
x? x
: 2 2
_ / _ bsinh (cmx+ bx + a) + cosh (cx x;l— bx + a) i

[In] integrate(cosh(c*x~2+b*x+a)/x"2-b*sinh(c*x~2+b*x+a)/x,x, algorithm="giac")

[Out] integrate(-bxsinh(c*x~2 + b*x + a)/x + cosh(c*x™2 + b*x + a)/x"2, x)
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Mupad [F(-1)]

Timed out.
/(cosh (a+bz+ca?)  bsinh (a+bx—|—c:v2)> i
x? x
_/cosh(cx2+bw+a) _ bsinh(cz® +bz +a) i
x? x

[In] int(cosh(a + b*x + c*x~2)/x"2 - (b*sinh(a + b*x + c*x"2))/x,x)

[Out] int(cosh(a + b*x + c*x"2)/x"2 - (b*sinh(a + b*x + c*x"2))/x, %)
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3.6 [ 2% cosh (a + bz — cx?) dz

Optimal result . . . . . . . . . . . e 611
Rubi [A] (verified) . . . . . . . . 611
Mathematica [A] (verified) . . . . . . . . . .. . 63
Maple [A] (verified) . . . . . . . . .. 64
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ...... 64
Sympy [F] . . o 65
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... .. 65
Giac [A] (verification not implemented) . . . . . . .. ... .. Lo L. 66
Mupad [F(-1)] . . . . o 661

Optimal result

Integrand size = 16, antiderivative size = 227

b2 oty \/—erf(b 2c:1:> ot \/—erf(b 2cx>

/m2 cosh (a + bz — cz?) dz =

16c5/2 8¢3/2
—a— 4c\/_erﬁ<b 209:) —a— 46\/_erﬁ(b 20:z>
B 16¢5/2 * 8¢3/2
__ bsinh(a+bx —cz?) wxsinh(a+br —cz?)
4c? 2c

[Out] -1/4#b*sinh(-c*x~2+b*x+a)/c~2-1/2*x*sinh(-c*x~2+b*x+a)/c-1/16*xb~2*exp(a+1/4
*b~2/c)*erf (1/2% (-2*c*x+b) /c~(1/2) )*Pi~(1/2) /c~(5/2)-1/8*exp(a+1/4*¥b~2/c) *xe

rf (1/2*%(-2*c*x+b) /c~(1/2))*Pi~(1/2)/c~(3/2)-1/16%b~2*exp(-a-1/4%b~2/c) *erfi

(1/2% (-2%c*xx+b) /c~(1/2))*Pi~(1/2) /c~(5/2)+1/8*exp(-a-1/4*b~2/c) *xerfi (1/2x (-
2*%c*x+b) /c~(1/2))*Pi~(1/2) /c~(3/2)

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.00,
number of steps used = 12, number of rules used = 7, Bumber of rules _ () 438 Ryjes used

integrand size
= {5495, 5491, 5483, 2266, 2236, 2235, 5482}

\/_b2 “+4cerf(b 2“) \/_e“+4cerf(b 2“)

/x2 cosh (a + bz — cz?) dz =

16¢5/2 8¢3/2
2 2
- \/7_rb2e_a_37erﬁ<bg\2/%”’> N ﬁe_a_%erﬁ(bgjf{”>
16¢5/2 8¢3/2

__ bsinh(a+bz —cz?) wxsinh(a+br —cz?)

4c2? 2c
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[In] Int[x"2*Cosh[a + b*x - c*x~2],x]

[Out] -1/16%x(b"2*E~(a + b~2/(4*c))*Sqrt [Pi]l*Erf[(b - 2*c*x)/(2xSqrt[c]l)]1)/c~(5/2)
- (E(a + b~2/(4%*c))*Sqrt [Pi]*Erf [(b - 2*c*x)/(2*Sqrt[c])])/(8%c~(3/2)) -
(b~"2*E~(-a - b~2/(4*c))*Sqrt [Pi]*Erfi[(b - 2*c*x)/(2xSqrtlcl)])/(16*c~(5/2)
) + (E"(-a - b~2/(4%c))*Sqrt [Pi]*Erfi[(b - 2*c*x)/(2*Sqrt[c])])/(8*c~(3/2))
- (b*Sinh[a + b*x - c*x72])/(4*c”2) - (x*Sinh[a + b*x - c*x~2])/(2%*c)

Rule 2235

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[b*Log[F], 2]11/(2*d*Rt[b*Log[F], 21)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*Logl[F], 2]1)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2*c*x)"2/(4xc)), x]1, x] /; FreeQ[{F, a, b, c}, x]

Rule 5482

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b¥x + c*x”~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[ex(Sinh[a + b*x + c*x~2]/(2*c)), x] - Dist[(b*e - 2*c*d)/(2*c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5495

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_))"(m_), x_Sy
mbol] :> Simp[ex(d + exx)~(m - 1)*(Sinh[a + b*x + c*x72]/(2%c)), x] + (-Dis



t[(bxe - 2xcxd)/(2*c),
- Dist[e™2*((m - 1)/(2%c)),
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Int[(d + e*x)"(m - 1)*Cosh[a + b*x + c*x~2], x], x]
Int[(d + exx)"(m - 2)*Sinh[a + b*x + c*x~2], x]

, x]) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[bxe - 2%cxd, 0]

Rubi steps
integral = _zsinh(a+bx —ca?)  [sinh(a+bz —ca?) dz N b [z cosh (a + bz — cz?) dzx
2c 2c 2c
bsinh (a + bz — cx?)  xsinh (a + bx — ca?)
4c? 2c
4 b? [ cosh (a+ bx — ca?) dz [ e*t* =" dg L p—a—butca® g,
4c? 4c 4c
bsinh (a + bz —cz®) wsinh(a+bz—cz?) b [ atbz—ca® g,
B 402 2¢c 862
CcT 2 CcT
B [ e—a—bz+ea?® g e—a—— I e 2 et [e (b-2ez) ) dr
8c? 4c 4c
a b2 b—2czx b—2cz
_ e \/7_rerf< NG ) \/_erﬁ< > bsinh (a + bz — cz?)
8¢3/2 + 803/2 o A2
(—b+2cx)? o b2 (b—2cz)? 2cw)
zsinh (a + bz — cx?) ( ) Je = + <52€ +4C) fe dz
2c 8¢2 ]c2
b2 a—i—4c \/_erf<b 2cx> a—i-4C \/_erf<b 2cx> \/_erﬁ<b 2cx>
B 16¢5/2 8¢3/2 B 16¢5/2
a—ﬁ b—2cz
+ e \/7_rerﬁ< 2\2/5 ) bsinh (a + bx — cz?)  zsinh (a + bx — cx?)
8c3/2 4c2 %2

Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 152, normalized size of antiderivative = 0.67

/z2 cosh (a + bx — cz2) dz

(6% — 2c) \/_erﬁ< b+2cx> <cosh (a + f’l—i> — sinh (a + %)) + (B +2¢) \/_erf< b+2cx> (cosh <a n %> N

16¢5/2

[In] Integrate[x~2*Cosh[a + b*x - c*x~2],x]

[Out] ((b™2 - 2*c)*Sqrt[Pil*Erfi[(-b + 2xc*x)/(2xSqrt[c])I*(Cosh[a + b~2/(4*c)] -
Sinh[a + b~2/(4*c)]) + (b™2 + 2%c)*Sqrt[Pi]*Erf[(-b + 2*c*x)/(2*Sqrt[c])]I*
(Cosh[a + b"2/(4%c)] + Sinh[a + b~2/(4%c)]) - 4*xSqrtlcl*(b + 2%c*x)*Sinh[a

+ xx(b - c*x)])/(16*c~(5/2))
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Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.07

method | result

4ac+b2

_4ac+b2 _
risch persbia | peeebema | VyAe E erf(yV=cot i) _ Vme ® erf (V=cat5 /=)  ge-esltbeta
4c 8c? 16c2+/—c 8ov/—c i

[In] int(x"2*cosh(-c*x~2+b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/4/c*xxexp(c*x~2-b*x-a)+1/8%b/c~2xexp(c*x~2-b*x-a)+1/16xb~2/c"2*Pi~ (1/2)*e
xp(-1/4x (4d*axc+b~2) /c)/(-c)~(1/2) *erf ((-c) ~(1/2) *x+1/2*b/(-c)~(1/2))-1/8/c*
Pi~(1/2)*exp(-1/4*(4dxaxc+b~2)/c)/(-c)~(1/2)*erf ((-c)~(1/2)*x+1/2*b/(-c)~(1/
2))-1/4/c*x*xexp(-c*x~2+b*x+a)-1/8*b/c"2*exp (-c*x"2+b*x+a)-1/16%b"2/c~ (5/2) *
Pi~(1/2)*exp(1/4*(4*axc+b~2)/c)*erf (-c~(1/2)*x+1/2xb/c~(1/2))-1/8/c~(3/2)*P

i~ (1/2)*exp(1/4* (4*a*xc+b~2)/c)*erf (-c~(1/2) *x+1/2*b/c~(1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 466 vs. 2(179) = 358.

Time = 0.26 (sec) , antiderivative size = 466, normalized size of antiderivative = 2.05

/z2 cosh (a + bx — cz2) dr =

4c*x — 2 (2 2z + be) cosh (ca? — br — a)” + \/7_r<(b2 — 2¢) cosh (cx? — bx — a) cosh <b21—i“°> — (b -2

[In] integrate(x~2xcosh(-c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/16%(4*c™2xx - 2%(2%c~2%x + b*c)*cosh(c*x"2 - b*x - a)~2 + sqrt(pi)*((b~2
- 2%c)*cosh(c*x”2 - b*x - a)*cosh(1/4%(b"2 + 4*a*xc)/c) - (b~2 - 2xc)*cosh(
Cc*x~2 - b*x - a)*sinh(1/4*(b"2 + 4*axc)/c) + ((b"2 - 2*c)*cosh(1/4x(b"2 + 4
xaxc)/c) - (b™2 - 2xc)*sinh(1/4%(b~2 + 4*axc)/c))*sinh(c*x"2 - b*x - a))*sq
rt(-c)*erf (1/2*(2*c*x - b)*sqrt(-c)/c) - sqrt(pi)*((b"2 + 2*c)*cosh(c*x"2 -
b*x - a)*cosh(1/4*(b~2 + 4*axc)/c) + (b"2 + 2*c)*cosh(c*x"2 - b*x - a)*sin
h(1/4%(b"2 + 4xaxc)/c) + ((b™2 + 2xc)*cosh(1/4*(b~2 + 4*axc)/c) + (b2 + 2%
c)*sinh(1/4*(b~2 + 4*a*c)/c))*sinh(c*x”2 - b*x - a))*sqrt(c)*erf (1/2*(2*c*x
- b)/sqrt(c)) - 4%(2xc”2#x + bxc)*cosh(c*x~2 - b*x - a)*sinh(c*x"2 - b*x -
a) - 2%(2*%c”2*x + b*c)*sinh(c*x”2 - b*x - a)~2 + 2xbxc)/(c"3*cosh(c*x~2 -
b*x - a) + c"3*sinh(c*x"2 - b*x - a))
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Sympy [F]
/x2 cosh (a + bz — cz?) dz = /x2 cosh (a + bz — cz?) dz

[In] integrate(x**2*cosh(-cxx**2+b*x+a) ,x)

[Out] Integral(x**2*cosh(a + b*x — c*x**2), x)

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 834 vs. 2(179) = 358.

Time = 0.45 (sec) , antiderivative size = 834, normalized size of antiderivative = 3.67

/ z? cosh (a + bx — cxz) dxr = Too large to display

[In] integrate(x~2*cosh(-c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/3*x"3*cosh(c*x"2 - bxx - a) - 1/96*(sqrt(pi)*(2*c*x - b)*b~3*(erf (1/2*sqr
t((2%cxx - b)~2/c)) - 1)/(sqrt((2xc*x - b)~2/c)*(-c)~(7/2)) - 6%b~2xc*e” (-1
/4% (2xc*x - b)~2/c)/(-c)~(7/2) - 12x(2*c*x - b) “3*b*gamma(3/2, 1/4%(2xc*x -
b)~2/c)/(((2%c*x - b)~2/c)~(3/2)*%(-c)~(7/2)) - 8*c~2*gamma(2, 1/4*(2*c*xx -
b)~2/¢c)/(-c)~(7/2))*b*e~(a + 1/4xb~2/c)/sqrt(-c) - 1/96*(sqrt(pi)*(2*c*x -
b) *¥b~4* (erf (1/2*sqrt ((2*c*x - b)~2/c)) - 1)/(sqrt((2*c*x - b)~2/c)*(-c)~(9
/2)) - 8xb~3*c*e” (-1/4*(2xc*xx - b)~2/c)/(-c)~(9/2) - 24*(2*c*x - b) "3xb~2x*g
amma(3/2, 1/4*%(2xcxx - b)~2/c)/(((2*c*x - b)~2/c)~(3/2)*(-c)~(9/2)) - 32*Db*
c"2xgamma (2, 1/4*(2*c*x - b)~2/c)/(-c)~(9/2) - 16%(2*%c*x - b) “5*gamma(5/2,
1/4x(2xcxx - b)~2/c)/(((2%c*xx - 1)~2/c)”(5/2)*(-c)~(9/2)))*cxe”(a + 1/4%b™2
/c)/sqrt(-c) + 1/96*(sqrt(pi)*(2*c*x - b)*b~3*(erf (1/2*sqrt(-(2*c*x - b)~2/
c)) - 1)/(sqrt(-(2*%cxx - b)~2/c)*c~(7/2)) + 6*%b"2xe~(1/4*(2*xcxx - b)~2/c)/c
~(5/2) - 12%(2*c*x - b) "3*bxgamma(3/2, -1/4%(2*c*x - b)~2/c)/((-(2*c*x - b)
~2/c)~(3/2)*%c~(7/2)) - 8*gamma(2, -1/4%(2*c*x - b)~2/c)/c~(3/2))*bxe”(-a -
1/4%b~2/c)/sqrt(c) - 1/96*%(sqrt(pi)*(2*c*x - b)*b~4*x(erf (1/2*sqrt(-(2*c*x -
b)~2/c)) - 1)/(sqrt(-(2*c*x - b)~2/c)*c”(9/2)) + 8xb~3*e”(1/4*(2%c*x - b)~
2/c)/c™(7/2) - 24%(2xc*x - b) ~3*%b~2xgamma(3/2, -1/4*(2*c*x - b)~2/c)/((-(2*
c*x - b)~2/c)”(3/2)*c~(9/2)) - 32*b*gamma(2, -1/4*(2xcxx - b)~2/c)/c~(5/2)
- 16*%(2*c*x - b) “bxgamma(5/2, -1/4*%(2*xc*x - b)~2/c)/((-(2*c*x - b)~2/c)~(5/
2)*c~(9/2)))*sqrt(c)*e~(-a - 1/4*xb~2/c)
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Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 167, normalized size of antiderivative = 0.74

/a:2 cosh (a + bz — cz?) dz

inoat( ot ooty
ﬁ(b +2c) erf<—§ \/\/EE(QE—C))C T 9 (C(2.’IJ _ g) + 2b)e(—cz2+b:c+a)
- 216 c?
_b%+4ac
VvV (b2—2c) erf(—;\/j;(jx—lc’))e( 4 ) _9 (C(2.’E . g) + 2b)e(cx2—bx—a)
- 16 ¢2

[In] integrate(x~2*cosh(-c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/16%(sqrt(pi)* (b2 + 2x*c)*erf(-1/2*sqrt(c)*(2*xx - b/c))*e~(1/4x(b"2 + 4*a
xc)/c)/sqrt(c) + 2%(c*(2*x - b/c) + 2¥b)*e~(-c*x"2 + b*x + a))/c”2 - 1/16%(
sqrt(pi)*(b~™2 - 2*xc)*erf(-1/2xsqrt(-c)*(2*x - b/c))*e~(-1/4x(b~2 + 4x*ax*xc)/c
)/sqrt(-c) - 2x(cx(2*x - b/c) + 2*b)*e~(c*xx"2 - b*x - a))/c”2

Mupad [F(-1)]

Timed out.

/x2cosh (a—l—bw—cxz) dz=/x2cosh(—cz2+bz+a) dx

[In] int(x"2*cosh(a + b*x - c*x"2),x)

[Out] int(x"2*cosh(a + b*x - c*x~2), x)
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3.7 [ zcosh (a+ bz — cz?) dx

Optimal result . . . . . . . . . . . . e 671
Rubi [A] (verified) . . . . . . . . . 67
Mathematica [A] (verified) . . . . . . . . . .. 69
Maple [A] (verified) . . . . . . . .. 69
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .. ..... 69
Sympy [F] . . o 70
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 70
Giac [A] (verification not implemented) . . . . . . . .. ... L. (71l
Mupad [F(-1)] . . . .o ra\

Optimal result

Integrand size = 14, antiderivative size = 112

2
be®" iz \/merf ( b;f/%”’ >

/a:cosh (a+ bz —cz?) doz =

8c3/2
—a—ﬁ b—2cz
be™*" e \/7_rerﬁ< 2/c > sinh (a + bz — cz?)
8¢3/2 2¢

[Out] -1/2*sinh(-c*x~2+b*x+a)/c-1/8xb*exp(a+1/4*xb~2/c)*erf (1/2*(-2*c*x+b)/c~(1/2)
)*¥Pi~(1/2)/c”(3/2)-1/8*bxexp(-a-1/4%b"2/c) *erfi(1/2x(-2*c*x+b)/c~(1/2) ) *Pi~
(1/2)/c~(3/2)

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 5, Lumber of rules _ ( 357 Ry jes ysed

' integrand size
= {5491, 5483, 2266, 2236, 2235}

2
/et erf ( %)

/wcosh (a + bx — c:v2) dr =

8c3/2
—a—ﬁ b—2cz
Vmbe " 4 erﬁ( 2/e ) sinh (a + bz — cx?)
8¢c3/2 2c

[In] Int[x*Cosh[a + b*x - c*x~2],x]

[Out] -1/8%(bxE~(a + b~2/(4%c))*Sqrt [Pi]*Erf [(b - 2*c*x)/(2%Sqrtlc])])/c~(3/2) -
(b*E~(-a - b~2/(4*c))*Sqrt [Pi]l*Erfi[(b - 2*c*x)/(2*Sqrt[c])]1)/(8+c~(3/2)) -
Sinh[a + b*x - c*x~2]/(2*c)
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Rule 2235

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[b*Log[F], 2]11/(2*d*Rt [b*Log[F], 21)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]*(Erf[(c + d*x)*Rt[(-b)*Log[F], 2]1]/(2*d*Rt[(-b)*LoglF], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[ex(Sinh[a + b*x + c*x72]/(2%c)), x] - Dist[(b*e - 2%c*d)/(2xc), In
t[Cosh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rubi steps
integral = _sinh(a+ bz — cz’) 4+ b [ cosh (a + bz — cz?) dx
2c 2c
sinh (a + bz —cz?) b [ potbr—cz® g0 p I p—a—brte? .
2c 4C 40

2 — cx)? 2 _2cx)2
sinh (a +br — c$2) (be—a—%) f 6% de <b6a+%) f 6_% da
2c 40 4C

a ﬁ —2cx —a—ﬁ —4CT
be®t o \/7_Terf<b2\2ﬁ ) be™*" 1 \/Eerﬁ(sza > sinh (a + bz — cz?)

8¢c3/2 B 8c3/2 2c
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.20

/xcosh (a+ bz —cz?) d

_ bﬁerﬁ(";ﬁw) (cosh (a + Z—i) — sinh <a + %)) + bﬁerf(‘%i“/%cz) (cosh (a + Z—i) + sinh (a + %)) |
8c3/2

[In] Integrate[x*Cosh[a + b*x - c*x~2],x]

[Out] (bxSqrt[Pil*Erfil[(-b + 2x*c#*x)/(2*Sqrt[c])]*(Cosh[a + b~2/(4*c)] - Sinh[a +
b~2/(4%c)]) + b*Sqrt[Pil*Erf[(-b + 2xcx*x)/(2*Sqrt[c]l)]*(Cosh[a + b~2/(4*c)]
+ Sinh[a + b~2/(4%c)]) - 4xSqrtlcl*Sinh[a + x*(b - c*x)])/(8%c~(3/2))

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.07

method | result size
dac+b? dac+b?
. h ec z2—bz—a b\/?fe_ G%C erf(v —czr+ 2\/bjc) e—c12+bz+a bﬁe aic erf(—\/Ex+ 2\b/5> 120
risc v 8ov—c - 4c o 8c3

[In] int(x*cosh(-c*x~2+b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/4/cxexp(c*x~2-bxx-a)+1/8%b/c*Pi~(1/2)*exp(-1/4*(4*a*c+b~2)/c)/(-c)~(1/2)*
erf ((-c)~(1/2)*x+1/2xb/(-c)~(1/2))-1/4/c*exp(-c*x~2+b*x+a)-1/8%b/c~(3/2) *Pi
~(1/2)*exp(1/4x (4xa*xc+b~2) /c)*erf (-c~(1/2)*x+1/2%b/c™(1/2))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 384 vs. 2(88) = 176.

Time = 0.26 (sec) , antiderivative size = 384, normalized size of antiderivative = 3.43

/accosh (a+ bz —cz?) dx
2ccosh (cz? — bz — a)’ — \/7_r<b cosh (cx? — bx — a) cosh (%’) — bcosh (cx? — br — a) sinh (l’zf;—ﬁ“>

[In] integrate(x*cosh(-c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/8*%(2*c*xcosh(c*x™2 - b*x - a)~2 - sqrt(pi)*(b*cosh(c*x~2 - b*x - a)*cosh(1l
/4x(b~2 + 4xaxc)/c) - bxcosh(c*x™2 - b*x - a)*sinh(1/4*%x(b~2 + 4xaxc)/c) + (
b*xcosh(1/4%(b~2 + 4xaxc)/c) - bxsinh(1/4*%(b~2 + 4*axc)/c))*sinh(c*x~2 - b*x
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- a))*sqrt(-c)*erf(1/2*(2xcxx - b)*sqrt(-c)/c) + sqrt(pi)*(b*cosh(c*x~2 -
b*x - a)*cosh(1/4%(b~2 + 4x*a*c)/c) + b*cosh(c*x"2 - b*x - a)*sinh(1/4*x(b"2
+ 4*axc)/c) + (b*cosh(1/4x(b~2 + 4xa*c)/c) + b*sinh(1/4*(b"2 + 4xa*c)/c))*s
inh(c*x”2 - b*x - a))*sqrt(c)*erf(1/2*%(2*c*xx - b)/sqrt(c)) + 4xc*cosh(c*x"2

- b*x - a)*sinh(c*x™2 - b*x - a) + 2*c*sinh(c*x"2 - b*x - a)~2 - 2xc)/(c™2
*cosh(c*x™2 - b*x - a) + c”2*sinh(c*x"2 - b*x - a))

Sympy [F]
/xcosh (a + bxr — cx2) dr = /xcosh (a + bx — cx2) dx

[In] integrate(x*cosh(-c*x**2+b*x+a),x)

[Out] Integral(x*cosh(a + b*x - cxx**2), x)

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 674 vs. 2(88) = 176.

Time = 0.39 (sec) , antiderivative size = 674, normalized size of antiderivative = 6.02

/xcosh (a+ bz —cz?) do = le cosh (cz? — bz — a)

2
12 cszz _b)2
e (at(3EEE) 1) (9T)  seaoir(pe2R))
— 5 —_ 3 [ ¢
\/(2 cmc—b)z (_c)g (—c)2 ((2 czc—b)2 ) 2 (_C)g

+
324/—c
_b)2 2 2
ﬁ(2cz—b)b3(erf(%\/M>—l) <—%> 12(20z—b)3b1"(%’(2cz—b) ) 3021“(2,(“?17"’)) 42
__ 6b%ce c c Ce<a+n>
3
2

;1 (oF

(~o)

\/(2 czc—b)z (_c)% (_C)% < (2 cz—b)? )
+ 32v/—c
V/7(2 cx—b)b? (erf(% \/—M)—l) <%> 4(2m—b)3f(%,—%> be(_a_zj‘:)

4b
+ = 3 -

\/_Mc% 3 (_ (2cz_b>2)%cg
* 32/c

2 cz—b)? 2 cx—b)2 2
1 ﬁ(m_b)bs(erf (%V_%)_l) +6b26(( =) 12(260 - oo (3, -2

32 _ (2cm—b)2cg 3 (_ (2ca;—b)2>3 ol

c c

[In] integrate(x*cosh(-c*x~2+b*x+a),x, algorithm="maxima")



71

[Out] 1/2*x"2xcosh(c*x”2 - bxx - a) + 1/32*(sqrt(pi)*(2xc*x - b)*b~2*(erf (1/2*sqr
t((2%cxx - b)~2/c)) - 1)/(sqrt((2*cxx - b)~2/c)*(-c)~(5/2)) - 4*xbxcxe~(-1/4
*x(2xcxx - b)~2/c)/(-c)~(5/2) - 4x(2*cxx - b) “3*gamma(3/2, 1/4*(2*cxx - b)~2
/c)/(((2%cxx - b)~2/c)”(3/2)*(-c)~(5/2)))*bxe”(a + 1/4%b"2/c)/sqrt(-c) + 1/
32x(sqrt (pi) *(2*%c*x - b)*b~3*(erf (1/2*sqrt ((2*c*x - b)~2/c)) - 1)/(sqrt((2x*
c*x - b)~"2/c)*(-c)~(7/2)) - 6xb~2*c*e” (-1/4*(2xc*x - b)~2/c)/(-c)~(7/2) - 1
2% (2*%c*x - b) “3xb*xgamma(3/2, 1/4*(2xcxx - b)~2/c)/(((2*c*x - b)~2/c)~(3/2)*
(-c)~(7/2)) - 8xc™2xgamma(2, 1/4*(2xcxx - b)~2/c)/(-c)~(7/2))*cxe”(a + 1/4%
b~2/c)/sqrt(-c) + 1/32*%(sqrt(pi)*(2*c*x - b)*b~2x(erf (1/2*sqrt(-(2*c*x - b)
“2/c)) - 1)/(sqrt(-(2*c*x - b)~2/c)*c”(5/2)) + 4xbke” (1/4*(2%cxx - b)~2/c)/
c~(3/2) - 4%(2%c*x - b) " 3*xgamma(3/2, -1/4%(2xc*x - b)~2/c)/((-(2*c*xx - b)~2
/c)~(3/2)*%c~(5/2)))*b*e~(-a - 1/4%b~2/c)/sqrt(c) - 1/32x(sqrt(pi)*(2*c*x -
b)*b~3x*(erf (1/2*sqrt (-(2*cxx - b)~2/c)) - 1)/(sqrt(-(2*c*x - b)~2/c)*c~(7/2
)) + 6xb~2%e~(1/4*%(2*c*xx - b)~2/c)/c”(5/2) - 12%(2%c*x - b) 3*b*gamma(3/2,
-1/4x(2*%c*x - b)~2/c)/((-(2*c*x - b)~2/c)~(3/2)*c~(7/2)) - 8*gamma(2, -1/4%
(2xc*xx - b)~2/c)/c”(3/2))*sqrt(c)*e”(-a - 1/4%b~2/c)

Giac [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.10

berf(—1 > <E%%E)
Vmber (‘5 \/E<2m—;))e +2 e(—cm2+bz+a)
/mcosh(a+b$—0$2) dr = — = 8c
_b2+4ac
ﬁberf(—% ﬁ(Q\/gﬁ))e( T) _9 e(cx2_bx—a)
o 8c

[In] integrate(x*cosh(-c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/8%(sqrt(pi)*b*erf(-1/2*sqrt(c)*(2*x - b/c))*e”(1/4*%(b~2 + 4*axc)/c)/sqrt
(c) + 2xe~(-c*x”2 + b*x + a))/c - 1/8x(sqrt(pi)*bxerf(-1/2*sqrt(-c)*(2*x -
b/c))*e~(-1/4%(b~2 + 4*axc)/c)/sqrt(-c) - 2xe~(c*x"2 - b*x - a))/c

Mupad [F(-1)]

Timed out.

/xcosh (a+ bz — cz?) da:z/xcosh(—cx2+bx+a) dx

[In] int(x*cosh(a + b*x - c*x~2),x)

[Out] int(x*cosh(a + b*x - c*x"2), x)
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3.8 [ cosh (a + bz — cx?) dx

Optimal result . . . . . . . . . . . e 721
Rubi [A] (verified) . . . . . . . . . 721
Mathematica [A] (verified) . . . . . . . . ... . L Lo 73
Maple [A] (verified) . . . . . . . .. [74]
Fricas [A] (verification not implemented) . . . . . . . . . ... ... ... . ... .. 74
Sympy [F] . . o (74
Maxima [B] (verification not implemented) . . . . . . . .. .. ... ... ... ... 751
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 76
Mupad [F(-1)] . . . oo 76

Optimal result

Integrand size = 12, antiderivative size = 91

e () ()
/cosh(a—l—bz—cx)dx:— Wz - 4/c

[Out] -1/4*exp(a+1/4%b~2/c)*erf (1/2*(-2*c*x+b)/c~(1/2))*Pi~(1/2)/c~(1/2)-1/4*exp(
-a-1/4xb~2/c)*xerfi(1/2* (-2*c*x+b) /c~(1/2))*Pi~(1/2)/c~(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4, Bumber of rules _ () 333 Ryjeq ysed = {5483,

' integrand size
2266, 2236, 2235}

a+%2c b—2cx —a— % b—9cz
/cosh (a+ bz —cz?) dox = _ﬁe erf( 2ve ) _ vme erﬁ< NG )
/e e

[In] Int[Cosh[a + b*x - c*x~2],x]

[Out] -1/4%(E~(a + b~2/(4*c))*Sqrt [Pi]*Erf[(b - 2*c*x)/(2%Sqrt[c])])/Sqrtlc] - (E
“(-a - b72/(4*c))*Sqrt [Pil*Erfi[(b - 2%c*x)/(2%Sqrtlc]l)])/(4*Sqrtlc]l)

Rule 2235

Int[(F_)"((a_.) + (b_.)*x((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pil*(Erfil[(c + d*x)#*Rt[bxLog[F], 2]11/(2*d*Rt[b*Logl[F], 21)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236
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Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*Logl[F], 2]1)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b2/
(4%c)), Int[F~((b + 2xc*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rubi steps

1 1
integral = 5 / eatbo—ca® go. | 5 / p—a—bater® g

1 2 (=b+2cx)? 1 b2 _ (b—2cz)?
= e % e 4 dx + §ea+4c e ic  dx

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.20

/COSh (a+ bz — cx2) dx
ﬁ(erﬁ(%ﬁf”) (COSh (a + Z—Z) — sinh <a + %)) + erf(%\/%“) <cosh (a + %) + sinh (a + %)))

4y/c

[In] Integrate[Cosh[a + b*x - c*x~2],x]

[Out] (Sqrt[Pil*(Erfil[(-b + 2*c*x)/(2xSqrt[c])]I*(Cosh[a + b~2/(4*c)] - Sinh[a + b
~2/(4%c)]) + Erf[(-b + 2*c*x)/(2*Sqrt[c])]*(Cosh[a + b~2/(4*c)] + Sinh[a +
b~2/(4%c)])) )/ (4%Sqrt[c])
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.87

method | result size
4ac+b? dac+b?
- Jre act! erf(V—cx—l—z%/_—c) ﬁe‘acc erf<—\ﬁx+2\b/5)
risc pivar — i 79

[In] int(cosh(-c*x~2+b*x+a),x,method=_ RETURNVERBOSE)

[Out] 1/4%Pi~(1/2)*exp(-1/4*(4*a*c+b~2)/c)/(-c)~(1/2)*erf ((-c)~(1/2)*x+1/2*b/(-c)
~(1/2))-1/4%Pi~(1/2)*exp(1/4* (4*a*c+b~2)/c)/c”(1/2) *erf (-c~(1/2) *x+1/2%b/c”

(1/2))

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.27

/cosh (a + bx — ca:2) dr =
\/E\/—_c<cosh (bZZ—i“c> — sinh <b2*4'—‘é“°>> erf (—(2“5?‘/_7> — \/7?\/E<cosh (%) + sinh <b2*4'—‘é“°>> er
a 4c

[In] integrate(cosh(-c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/4%(sqrt(pi)*sqrt(-c)*(cosh(1/4*(b~2 + 4*axc)/c) - sinh(1/4x(b"2 + 4*a*c)
/c))*erf(1/2%(2xc*x - b)*sqrt(-c)/c) - sqrt(pi)*sqrt(c)*(cosh(1/4*(b"2 + 4x
axc)/c) + sinh(1/4*(b~2 + 4xa*c)/c))*erf(1/2x(2xc*x - b)/sqrt(c)))/c

Sympy [F]

/cosh (a + bz — cx2) dx = /cosh (a + bz — ch) dx

[In] integrate(cosh(-c*x**2+b*x+a),x)

[Out] Integral(cosh(a + b*x - c*x**2), x)
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Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 511 vs. 2(69) = 138.

Time = 0.37 (sec) , antiderivative size = 511, normalized size of antiderivative = 5.62

) L)oo
— [ ¢

: (-93

( \/(2 caz:c—b)2 (—0)2
/cosh (a+bz—cz?) do = —

8+v/—c
e (T ) | (057) sarr(18))
\/(2 ch—b)z (—c)% (—c)% ((2 czc—b)z > % (—c)%
B 8+/—c
cz—b)? (2cz—b)?
\/?r(zcz—b)b<erf<§ \/;@j)—l) N 26( Ic ) be(_a_‘%)
\/_(201‘—1)) C% \/E
+ 8./c
) V(2 cx — b)b? (erf <% —(zwc_b)2> — 1> ib ((“ii:”) ) 4(2cx — b)3F<%, —(26221))2)
8 (2cz—b)? 5 c3 (2cz—b)2\2 5
- c c2 (_ czc > cz

+ z cosh (cz? — bz — a)

[In] integrate(cosh(-c*x~2+b*x+a),x, algorithm="maxima")

[Out] -1/8*(sqrt(pi)*(2xc*x - b)*b*(erf (1/2*xsqrt((2*cxx - b)~2/c)) - 1)/(sqrt((2*
c*x - b)"2/c)*(-c)~(3/2)) - 2xcxe”(-1/4*(2*c*x - b)~2/c)/(-c)~(3/2))*bxe~(a
+ 1/4%b~2/c)/sqrt(-c) - 1/8*(sqrt(pi)*(2*c*x - b)*b~2*(erf (1/2*sqrt ((2*c*x
- b)"2/c)) - 1)/(sqrt((2*c*x - b)~2/c)*(-c)~(5/2)) - 4xb*c*e” (-1/4*(2xc*x
- b)"2/c)/(-c)~(5/2) - 4%(2xc*x - b) 3*gamma(3/2, 1/4x(2xc*x - b)~2/c)/(((2
xcxx — b)~2/c)~(3/2)*(-c)~(5/2)))*c*xe"(a + 1/4%¥b~2/c)/sqrt(-c) + 1/8x(sqrt(
pi)*(2xc*x - b)*b*(erf (1/2xsqrt(-(2*c*x - b)~"2/c)) - 1)/(sqrt(-(2*c*x - b)~
2/c)*c~(3/2)) + 2*%e~(1/4x(2*c*x - b)~2/c)/sqrt(c))*bxe”(-a - 1/4%b~2/c)/sqr
t(c) - 1/8*(sqrt(pi)*(2*xc*x - b)*b~2*(erf (1/2*sqrt(-(2*c*x - b)~2/c)) - 1)/
(sqrt (-(2*c*x - b)~2/c)*c~(5/2)) + 4*b*xe”(1/4x(2*c*x - b)~2/c)/c~(3/2) - 4%
(2xc*x - b) "3*gamma(3/2, -1/4*(2xcxx - b)~2/c)/((-(2*%c*x - b)~2/c)~(3/2)*c™
(6/2)))*sqrt(c)*e”(-a - 1/4*b~2/c) + x*cosh(c*x"2 - bxx - a)
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Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.89

) g _VTert (4 VE(s = 1) o)
/cosh(a+bx—cm)dx—— W 2
_ Vet (-4 v=o(2z — £)) )
4/—c

[In] integrate(cosh(-c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/4*sqrt(pi)*erf(-1/2xsqrt(c)*(2*x - b/c))*e”~(1/4*(b~2 + 4xaxc)/c)/sqrt(c)
- 1/4xsqrt(pi)*erf (-1/2*sqrt(-c)*(2*x - b/c))*e~(-1/4*%(b~2 + 4*axc)/c)/sqr

t(-c)

Mupad [F(-1)]
Timed out.
/cosh (a+ bz — cz®) do = /cosh(—c:c2 +bz+a) dz

[In] int(cosh(a + b*x - c*x~2),x)

[Out] int(cosh(a + b*x - c*x"2), x)
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Optimal result

RUDL [N/A] © © o oot e e e e e

Mathematica [N/A]

Maple [N/A] (verified)
Fricas [N/A] . . . . o o
Sympy [N/A] . . o

Maxima [N/A]

Giac [N/A] .« . o o
Mupad [N/A] . . . oo

Optimal result

cosh (a+bx—cm2) da

Integrand size = 16, antiderivative size = 16

/ cosh (a + bz — cx?)

T

dr = Int(

cosh (a + bz — cx?)

T

[Out] Unintegrable(cosh(-c*x~2+b*x+a)/x,x)

Rubi [N/A]
Not integrable

)

(s

Time = 0.01 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used = 0

/

cosh (a + bz — cz?)

X

number of rule

’ integrand size

2
dxz/cosh(a+bx cx?)

X

[In] Int[Cosh[a + b*x - c*x~2]/x,x]
[Out] Defer[Int] [Cosh[a + b*x - c*x~2]/x, x]

Rubi steps

integral = /

cosh (a + bz — cz?)
T

dz

5 = 0.000, Rules used = {}

dz
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Mathematica [N/A]

Not integrable
Time = 0.45 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

— o2 a2
/ cosh (a + bz — cz?) dr — / cosh (a +xbx cx?) s
x

[In] Integrate[Cosh[a + b*x - c*x~2]/x,x]
[Out] Integrate[Cosh[a + b*x - c*x72]/x, x]

Maple [N/A] (verified)
Not integrable

Time = 0.02 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

a2
/cosh( cmx—l—b:v+a)dw

[In] int(cosh(-c*x~2+b*x+a)/x,x)

[Out] int(cosh(-c*x~2+b*x+a)/x,x)

Fricas [N/A]

Not integrable
Time = 0.25 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

— cx? P
/cosh(a+bx cx)dxz/cosh( cxx+bx+a) d
x

[In] integrate(cosh(-c*x~2+b*x+a)/x,x, algorithm="fricas")

[Out] integral(cosh(c*x”2 - b*x - a)/x, x)

Sympy [N/A]

Not integrable
Time = 0.66 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/ cosh (a + bz — cx?) dp — / cosh (a + bz — cx?) i

T T

[In] integrate(cosh(-c*x**2+b*x+a)/x,x)

[Out] Integral(cosh(a + b*x - c*x**2)/x, X)
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Maxima [N/A]

Not integrable
Time = 0.73 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

— cx? P
/cosh (a +xbx cx)dxz/cosh( cxx+ bz + a) i

[In] integrate(cosh(-c*x~2+bxx+a)/x,x, algorithm="maxima")

[Out] integrate(cosh(c*x~2 - b*x - a)/x, x)

Giac [N/A]

Not integrable
Time = 0.27 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ cosh (a + bx — cx?) P / cosh (—cz? + bz + a) "
x x
[In] integrate(cosh(-c*x~2+b*x+a)/x,x, algorithm="giac")

[Out] integrate(cosh(-c*x~2 + b*x + a)/x, x)

Mupad [N/A]

Not integrable
Time = 1.56 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

— cx? )
/cosh (a +$bx cx )dmz/COSh( cxx-l— bzr +a) I

[In] int(cosh(a + b*x - c*x"2)/x,x)

[Out] int(cosh(a + b*x - c*x"2)/x, X)
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3.10 f (cosh(a+b:1:—ca:2) _ bsinh(a+bx—ca¢2)) da

Optimal result . . . . . . . . . . . .. e 801
Rubi [A] (verified) . . . . . . . . . . R0
Mathematica [A] (verified) . . . . . . . . . . ... ]2
Maple [F] . . . . . 82
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... R2
Sympy [F] . . o 83
Maxima [F] . . . . . . e B3l
Giac [F] . . . o o 83
Mupad [F(-1)] . . . . o 84

Optimal result

Integrand size = 35, antiderivative size = 108

/ cosh (a + bz — ca?)  bsinh (a + bz — cz?) i
x? x
_cosh(a+br—ca?) 1

2
= +5 Ve e \/rerf (
T

b—2cx 1~ b—2cx
e ) e ()

[Out] -cosh(-c*x~2+b*x+a)/x+1/2xexp(a+1/4*xb~2/c)*erf (1/2*(-2*c*x+b)/c~(1/2))*c~ (1
/2)*%Pi~(1/2)-1/2%exp(-a-1/4xb~2/c)*erfi(1/2* (-2xc*x+b)/c~(1/2))*c~(1/2)*Pi~
(1/2)

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 5, Bumber of rules _ 143 Ryles used

' integrand size
= {5499, 5482, 2266, 2236, 2235}

/ cosh (a + bz — ca?)  bsinh (a + bz — c2?) i
x? x
b2

)- et

_ _ 2
:%\/E\/Ee”ierf(b 2cx b 20z>_cosh(a+bx cx?)

2v/C 2v/C

[In] Int[Cosh[a + b*x - c*x~2]/x"2 - (b*Sinh[a + b*x - c*x~2])/x,x]

[Out] -(Cosh[a + b*x - c*xx"2]/x) + (Sqrtlc]*E~(a + b~2/(4*c))*Sqrt[Pil*Erf[(b - 2
xcxx) /(2%Sqrt[c])])/2 - (Sqrtlcl*E~(-a - b~2/(4*c))*Sqrt[Pil*Erfi[(b - 2%cx*
x)/(2*Sqrt[c])1)/2

Rule 2235

T
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Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil(c + d*x)*Rt[b*Log[F], 2]11/(2*d*Rt[b*Log[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pi]*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*Logl[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F )~((a_.) + (b_.)*(x_) + (c_.)*(x_)~2), x_Symbol]l :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5482

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5499

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sy
mbol] :> Simp[(d + e*x)~(m + 1)*(Cosh[a + bxx + c*x"2]/(ex(m + 1))), x] + (
-Dist[(b*e - 2xc*xd)/(e”2*%(m + 1)), Int[(d + exx)~(m + 1)*Sinh[a + b*x + c*x
~2], x], x] - Dist[2*(c/(e”2x(m + 1))), Int[(d + exx)"(m + 2)*Sinh[a + b*x
+ c*xx~2], x], x]) /; FreeQ[{a, b, c, d, e}, x] && LtQ[m, -1] && NeQ[b*e - 2
xc*d, 0]

Rubi steps
. 2 5
integral = —(b/ sinh (a 4+ bx — cz )dx) +/cosh (a+2x cx )dac
x x
h br — cz?
_ _cosh(a +x zoca) _ (2¢) /sinh (a+ bz —cz?) dx
- 2 2 2
— _COSh (CI, +xbx cx ) _c/ea-i-bz—ca: d$+6/6_a_bm+cw dr
h _ 2 2 —b+2cx)? 2 —2cz)?
__cos (a4 bx — cx?) + (ce‘“‘li?) /e( bigen)? o <ce“+37> /e_m da
x
h br —cx?) 1 2 b—2 1 2 b—2
=% (a +ww cx )+§\/Ee“+zc\/7_rerf( 2\/Ecx)—§\/(_:e_“_3c\/7_rerﬁ< 2\/EC$>
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Mathematica [A] (verified)

Time = 5.78 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.26

/ (cosh (a+bx —cz®) bsinh(a+ bz — cx2)> e
x? x

_ % (_2cosh(a +xx(b —cr)) \/Eﬁerﬁ(_b%\/gcx) (cosh (a-l— Z%) —sinh (a-l- g))

() o o) e )

[In] Integrate[Cosh[a + b*x - c*x72]/x72 - (b*Sinh[a + b*x - c*x72])/x,x]

[Out] ((-2#Cosh[a + x*(b - c*x)])/x + Sqrt[c]*Sqrt[Pil*Erfi[(-b + 2x*c*x)/(2*Sqrt[
c])]*(Cosh[a + b"2/(4*%c)] - Sinh[a + b"2/(4%c)]) - Sqrt[cl*Sqrt[Pi]*Erf[(-b
+ 2xc*x)/(2*Sqrt[c])]*(Cosh[a + b~2/(4*c)] + Sinh[a + b~2/(4*c)]))/2

Maple [F]

2 T

/(cosh(—cx2+bx+a) B bsinh(—ca:2+bx+a)) e

[In] int(cosh(-c*x~2+b*x+a)/x"2-b*sinh(-c*x~2+b*x+a)/x,x)

[Out] int(cosh(-c*x~2+b*x+a)/x"2-b*sinh(-c*x~2+b*x+a)/x,x)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 370 vs. 2(86) = 172.

Time = 0.27 (sec) , antiderivative size = 370, normalized size of antiderivative = 3.43

/(cosh(a+bz—cx2) _ bsinh (a+bx—cx2)) p

x? x
ﬁ(az cosh (cz? — bx — a) cosh <%> — x cosh (cz? — bxr — a) sinh (bzi—i“c> + <z cosh (%) — I

[In] integrate(cosh(-c*x~2+b*x+a)/x~2-b*sinh(-c*x~2+b*x+a)/x,x, algorithm="frica
s")

[Out] -1/2%(sqrt(pi)*(x*cosh(c*x~2 - b*x - a)*cosh(1/4*(b~2 + 4*axc)/c) - x*cosh(
c*¥x”2 - b*x - a)*sinh(1/4%(b~2 + 4*axc)/c) + (x*cosh(1/4*(b~2 + 4xaxc)/c) -
x*sinh(1/4%(b~2 + 4*a*c)/c))*sinh(c*x~2 - b*x - a))*sqrt(-c)*erf (1/2*(2*c*

X - b)*sqrt(-c)/c) + sqrt(pi)*(x*cosh(c*x"2 - b*x - a)*cosh(1/4*(b"2 + 4xax

c)/c) + x*cosh(c*x™2 - b*x - a)*sinh(1/4*%(b~2 + 4*axc)/c) + (x*cosh(1/4*(b~
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2 + 4xaxc)/c) + x*sinh(1/4*%(b~2 + 4*axc)/c))*sinh(c*x"2 - b*x - a))*sqrt(c)
xerf (1/2%(2*c*x - b)/sqrt(c)) + cosh(c*x™2 - b*x - a)~2 + 2xcosh(c*x™2 - bx*
X - a)*sinh(c*x"2 - b*x - a) + sinh(c*x™2 - b*x - a)~2 + 1)/(x*cosh(c*x"2 -
b*x - a) + x*sinh(c*x"2 - b*x - a))

Sympy [F]

/ (cosh (a+bz —cz®) bsinh(a+br — cw2)) i
z? iy

__/(_cosh(a+bx—ca;2)> dx_/bsinh(a-l-bz—cxz) i

z2 T

[In] integrate(cosh(-c*x**2+b*x+a)/x**2-b*sinh (-c*x**2+b*x+a)/x,x)

[Out] -Integral(-cosh(a + b*x - cxx**2)/x**2, x) - Integral(b*sinh(a + b*x - c*x*
*2)/x, %)

Maxima [F]

/ cosh (a + bz —caz?)  bsinh (a + bz — cz?) i
x? x
. _ 2 _ 2
_ /_bsmh( cxx +bzx +a) + cosh ( cxx2+ bz + a) s

[In] integrate(cosh(-c*x~2+b*x+a)/x~2-b*sinh(-c*x~2+b*x+a)/x,x, algorithm="maxim
all)

[Out] integrate(b*sinh(c*x"2 - b*x - a)/x + cosh(c*x"2 - b*x - a)/x"2, x)

Giac [F]

x? x
/ bsinh (—cz? + bz +a)  cosh (—cz? + bz + a)
= [ - + dz

/ (cosh (a+bx —cz?) bsinh(a+ bz — cxz)) i

T x2

[In] integrate(cosh(-c*x~2+b*x+a)/x~2-b*sinh(-c*x~2+b*x+a)/x,x, algorithm="giac"
)

[Out] integrate(-b*sinh(-c*x~2 + b*x + a)/x + cosh(-c*x~2 + b*x + a)/x"2, x)
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Mupad [F(-1)]

Timed out.
/ (cosh (a+bx —cx?) bsinh(a + br — cx2)>
5 o dz
T T
B / cosh(—cz?+bx+a) bsinh(—cz?+bx+a) e
B z? a x

[In] int(cosh(a + b*x - c*x~2)/x"2 - (b*sinh(a + b*x - c*x"2))/x,x)
[Out] int(cosh(a + b*x - c*x"2)/x"2 - (b*sinh(a + b*x - c*x"2))/x, %)
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3.11 [ x? cosh (%+x—|—x2) dx

Optimal result . . . . . . . . . . . e 851
Rubi [A] (verified) . . . . . . . . . . 85
Mathematica [A] (verified) . . . . . . . . ... L BT
Maple [C] (verified) . . . . . . . . . . ]88
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ........ ]Y
Sympy [F] . . . B8]
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... 89
Giac [C] (verification not implemented) . . . . . . . . ... .. ... L. ]9
Mupad [F(-1)] . . . 90

Optimal result

Integrand size = 13, antiderivative size = 66

1 3 1 1 1
2 —_ 2 —_ — —_(—1 — R — —_
/x cosh <4 +z+zx ) dz 16ﬁerf(2( 1 2x)> 16ﬁerﬁ<2(1+2x)>

1 1 1 1
— Zsinh (Z+x+x2) —l—éxsinh (Z+x+x2)

[Out] -1/4*sinh(1/4+x+x"2)+1/2*x*sinh(1/4+x+x"2)+3/16%erf (1/2+x)*Pi~(1/2)-1/16*er
fi(1/2+x)*Pi~(1/2)

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.00, number
of steps used = 12, number of rules used = 7, umber of rules _ () 538 Ryjjeg yged = {5495,

' integrand size
5491, 5483, 2266, 2235, 2236, 5482}

1 3 1 1 1
2 — 2 e —( — J— PR —
/x cosh <4 +z+x ) dz 16\/7_rerf(2( 2z 1)) 16ﬁerﬁ(2(2x+ 1))

1 1 1 1
+ éxsinh (z2 +x+ 4_1) — Zsinh (x2 +x+ Z)
[In] Int[x"2*Cosh[1/4 + x + x~2],x]

[Out] (-3*Sqrt[Pil*Erf[(-1 - 2%x)/2])/16 - (Sqrt[Pil*Erfi[(1 + 2*x)/2])/16 - Sinh
[1/4 + x + x~2]/4 + (x*Sinh[1/4 + x + x~2])/2

Rule 2235

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[b*Log[F], 2]11/(2*d*Rt[b*Log[F], 21)), x] /; FreeQ[{
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F, a, b, ¢, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]l*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*Logl[F], 2]1)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2xc*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5482

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x”~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b¥x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[ex(Sinh[a + b*x + c*x72]/(2%c)), x] - Dist[(b*e - 2%c*d)/(2*c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2
xcxd, 0]

Rule 5495

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_ ), x_Sy
mbol] :> Simp[ex(d + e*x)~(m - 1)*(Sinh[a + b*x + c*x~2]/(2*c)), x] + (-Dis
t[(bxe — 2%c*d)/(2*c), Int[(d + e*x)"(m - 1)*Cosh[a + b*x + c*xx~2], x], x]
- Dist[e™2*x((m - 1)/(2*%c)), Int[(d + e*x)"(m - 2)*Sinh[a + b*x + c*x~2], x]
, x1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2*c*d, 0]

Rubi steps

1 1 1 1 1 1
integralzéxsinh (Z+x+x2> —i/xcosh (Z+x+x2) dx—i/sinh <Z+x+x2> dx



87

= —4sinh (4_1 +z +m2> + S@sinh (Z +z +w2> +3 /e_};—x—xz dz

1 1 1
—Z/ei+“+w2 d:c+z/cosh (Z+z+m2> dx

1 1 1 1 1
= — sinh <71 +z +x2> + @ sinh (Z +x +x2> +3 /e—i—w—f dz

+ é / eitete® do 4 411 /6_411(_1_2””)2 dz — 411 /6‘11(1+2$)2 dr

1 1 1 1 1. (1 \
= —gﬁerf(i(—l - 2ac)) - g\/7_rerﬁ<§(1 + 2x)> - Zsmh (Z +z+2 )

1 1 1 1

+ ix sinh (é_l +x+ xz) + 3 /e—i(—l—%)z dz + g / e1(1+22)* ..
1 1 1

- —13—6\/7_mrf<§(—1 - 293)) - Eﬁerﬁ<§(1 + 2x))

1 1 1 1
— Zsinh <Z+m+x2> +§:psinh <Z+x+x2>

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.09

/9:2 cosh (i + x4+ x2> dx
= 1_16 (3\/7_1'61‘f(% + x) — ﬁerﬁ(% + w>
L A-1+20) ((—1+ v/e) cosh(z(1 + z)) + (1 + v/e) sinh(z(1 + z))) )

Ve

[In] Integrate[x~2%Cosh[1/4 + x + x72],x]

[Out] (3*Sqrt[Pi]*Erf[1/2 + x] - Sqrt[Pil*Erfi[1/2 + x] + (2x(-1 + 2*x)*((-1 + Sq
rt[E])*Cosh[x*x(1 + x)] + (1 + Sqrt[E])*Sinh[x*x(1 + x)]))/E~(1/4))/16
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.08 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.14

method | result size

(1422)2 (1422)2 1 (1+2x)2 (1+2x)2 . Y
. - - 3erf(s+x)y/m iy/m erf (iz+ =1
risch i e e (216 VT | ze — 5+ 12. 2) | 75

[In] int(x"2*cosh(1/4+x+x"2),x,method=_RETURNVERBOSE)

[Out] -1/4*x*exp(-1/4*(1+2%x)~2)+1/8*exp(-1/4*(1+2xx)~2)+3/16%erf (1/2+x)*Pi~(1/2)
+1/4%xxexp (1/4% (1+2%x) ~2) -1/8%exp(1/4* (1+2%x) ~2)+1/16*%I*Pi~ (1/2) *erf (I*x+1/
2%I)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 129 vs. 2(38) = 76.

Time = 0.27 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.95

1
/zzcosh (é_l +:c+a:2> dz

2(2m—1)cosh(m2+x+}1)24—4(2.%—1)cosh(m2+:c+%)sinh(azQ—}—m—l—‘—ll)+2(2:c—1)sinh(m2—|—x-
16(cc

[In] integrate(x~2*cosh(1/4+x+x"2),x, algorithm="fricas")

[Out] 1/16%x(2x(2*x - 1)*cosh(x"2 + x + 1/4)72 + 4x(2*x - 1)*cosh(x"2 + x + 1/4)*s
inh(x"2 + x + 1/4) + 2%(2*%x - 1)*sinh(x"2 + x + 1/4)72 + sqrt(pi)*(3*cosh(x

"2 + x + 1/4)xerf(x + 1/2) - cosh(x™2 + x + 1/4)*erfi(x + 1/2) + (3*erf(x +

1/2) - erfi(x + 1/2))*sinh(x"2 + x + 1/4)) - 4xx + 2)/(cosh(x"2 + x + 1/4)

+ sinh(x™2 + x + 1/4))

Sympy [F]

1 1
/x2cosh (Z+x+x2) dxz/xzcosh (x2+x+1> dz

[In] integrate(x**2*cosh(1/4+x+x**2),x)

[Out] Integral(x**2*cosh(x**2 + x + 1/4), x)
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 183 vs. 2(38) = 76.

Time = 0.28 (sec) , antiderivative size = 183, normalized size of antiderivative = 2.77

1 1 1 1 \
+ F(2,4(2x+1)) 4I‘<2, 4(2x+1)>

[In] integrate(x~2*cosh(1/4+x+x"2),x, algorithm="maxima")

[Out] 1/3*x"3*cosh(x"2 + x + 1/4) - 1/6%(2*x + 1) b*gamma(5/2, 1/4*(2*x + 1)72)/(
(2xx + 1)72)7(5/2) + 1/6%(2*x + 1) bxgamma(5/2, -1/4*%(2*x + 1)72)/(-(2*x +
1)72)7(5/2) - 1/8%(2*x + 1)~ 3xgamma(3/2, 1/4*(2*x + 1)72)/((2*x + 1)72)7(3/

2) + 1/8%(2*%x + 1)~ 3xgamma(3/2, -1/4*%(2*x + 1)72)/(-(2*x + 1)72)~(3/2) + 1/

48%e” (1/4%(2*%x + 1)72) + 1/48%e”(-1/4%(2*x + 1)72) + 1/4*gamma(2, 1/4%(2x*x

+ 1)72) - 1/4xgamma(2, -1/4%(2xx + 1)72)

Giac [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.26 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.80

/xz cosh (Z +x+ x2) dx = 3 2z — 1)e<x2+x+i) -3 2z — 1)6(—9”2—90—%)

3 1 1. . 1.
+ E\ﬁ_rerf (33+ 5) ~ 16 7 erf (—zx— 51)

[In] integrate(x~2*cosh(1/4+x+x"2),x, algorithm="giac")

[Out] 1/8%(2*x - 1)*e~(x"2 + x + 1/4) - 1/8%x(2*x - 1)*e”(-x"2 - x - 1/4) + 3/16%*s
qrt(pi)*erf(x + 1/2) - 1/16xI*sqrt(pi)*erf(-I*x - 1/2%I)



Mupad [F(-1)]
Timed out.
/z2cosh (411 +w+x2> dr = /:c%osh(:cz—i—w—i- i) dx

[In] int(x"2*cosh(x + x~2 + 1/4),x)
[Out] int(x"2*cosh(x + x~2 + 1/4), x)
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3.12 [  cosh (i ++ xz) dx

Optimal result . . . . . . . . . . . e OT]
Rubi [A] (verified) . . . . . . . . 1]
Mathematica [A] (verified) . . . . . . . . . . . . 93
Maple [C] (verified) . . . . . . . . . .. 93]
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........ 93
Sympy [F] . . o o 94
Maxima [B] (verification not implemented) . . . . . . . . ... ... L. !
Giac [C] (verification not implemented) . . . . . .. . ... .. L L. 94
Mupad [F(-1)] . . . . o 951

Optimal result

Integrand size = 11, antiderivative size = 52

/xcosh (}1 bt z2) do = %ﬁerf(%(—l _ 29:)) _ é\/Trerﬁ (%(1 + 2@)

1 1
—|—§sinh (Z—I-z—l-wz)

[Out] 1/2*sinh(1/4+x+x"2)-1/8*erf(1/2+x)*Pi~(1/2)-1/8*exrfi(1/2+x)*Pi~(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 5 number of rules _ 0.455, Rules used = {5491,

’ integrand size
5483, 2266, 2235, 2236}

/xcosh (}1 +z+ w2) dzr = %ﬁerf(%(—%v - 1)) — é\ﬁ_rerﬁ (%(295 + 1))

1 1
+§Sinh (w2+w+4—1)

[In] Int[x*Cosh[1/4 + x + x~2],x]

[Out] (Sqrt[Pil*Erf[(-1 - 2%x)/2])/8 - (Sqrt[Pi]*Erfi[(1 + 2%x)/2])/8 + Sinh[1/4
+ x +x72]/2

Rule 2235

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pi]l*(Erfi[(c + d*x)*Rt[bxLog[F], 2]]1/(2xd*Rt[b*xLogl[F]l, 2])), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]
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Rule 2236

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]1/(2*d*Rt[(-b)*LoglF], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2*c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b¥x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[ex(Sinh[a + b*x + c*x72]/(2%c)), x] - Dist[(b*e - 2%c*d)/(2*c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*xe - 2
xc*xd, 0]

Rubi steps

1 1 1 1
integral = 3 sinh (— + x4+ xz) —3 /cosh (Z +z4+2?) dr
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Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.46

/zcosh (i-l—x—l—xz) dz

2(—1+ v/e) cosh(z(1 + z)) — vey/merf(3 + z) — Vey/merfi( + z) + 2(1 + v/€) sinh(z(1 + z))
8v/e

[In] Integrate[x*Cosh[1/4 + x + x~2],x]
[Out] (2x(-1 + Sqrt[E])*Cosh[x*(1 + x)] - E~(1/4)*Sqrt[Pil*Erf[1/2 + x] - E~(1/4)

*xSqrt [Pi]*Erfi[1/2 + x] + 2x(1 + Sqrt[E])*Sinh[x*(1 + x)])/(8+xE~(1/4))
Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.05 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.94

method | result size
(1422)2 1 (1+22)2 . Y
. - erf(s4+x)/m —z i/ erf (iz+3512
risch - — (28 )f—l-e T é 2) 49

[In] int(x*cosh(1/4+x+x"2),x,method=_RETURNVERBOSE)

[Out] -1/4%exp(-1/4*(1+2%x)~2)-1/8*erf (1/2+x)*Pi~(1/2)+1/4*exp(1/4*(1+2%x)~2)+1/8
*I*xPi~ (1/2) *erf (I*xx+1/2%I)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 106 vs. 2(28) = 56.

Time = 0.25 (sec) , antiderivative size = 106, normalized size of antiderivative = 2.04

/mcosh (i —|—:v—|—x2) dz

_2cosh(w2+x+}1)2+4cosh(x2+w+i)sinh(x2+x+}1)+2 sinh(x2+a:+L—i)Q—\/?r(cosh(xQ+x
B 8(cosh (x2+:v+;11) -

[In] integrate(x*cosh(1/4+x+x"2),x, algorithm="fricas")

[Out] 1/8*(2xcosh(x"2 + x + 1/4)72 + 4xcosh(x"2 + x + 1/4)*sinh(x"2 + x + 1/4) +
2xsinh(x"2 + x + 1/4)72 - sqrt(pi)*(cosh(x™2 + x + 1/4)*erf(x + 1/2) + cosh

(x"2 + x + 1/4)*xerfi(x + 1/2) + (erf(x + 1/2) + erfi(x + 1/2))*sinh(x"2 + x

+ 1/4)) - 2)/(cosh(x"2 + x + 1/4) + sinh(x"2 + x + 1/4))
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Sympy [F]

1 1
/xcosh (Z+x+x2) dx:/xcosh <x2+x+1> dz

[In] integrate(x*cosh(1/4+x+x**2),x)

[Out] Integral(x*cosh(x**2 + x + 1/4), x)

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 123 vs. 2(28) = 56.

Time = 0.27 (sec) , antiderivative size = 123, normalized size of antiderivative = 2.37

1 1 1\ (2z+1°0(3, L2z + 1)
/xcosh(zl+x+x2> dx=§x2008h<$2+z+1)+( z+1)T(55( 93;‘ )’)
4((2z+1)%)*

2z +1)°T(3, -1 (2z+1)%)

4 (~(22+1))?
1 e(%(2x+1)2> 1 e(_i(2z+1)2)

16 16
1 1 N1 1 ,

[In] integrate(x*cosh(1/4+x+x"2),x, algorithm="maxima")

[Out] 1/2*%x"2%cosh(x"2 + x + 1/4) + 1/4%(2*x + 1) 3*gamma(3/2, 1/4*%(2*x + 1)72)/(
(2xx + 1)72)7(3/2) - 1/4%(2*x + 1)~ 3xgamma(3/2, -1/4*(2*x + 1)72)/(-(2*x +
1)72)7(3/2) - 1/16%xe~(1/4*%(2*x + 1)72) - 1/16xe”(-1/4%(2*x + 1)72) - 1/4xga

mma (2, 1/4*%(2%x + 1)72) + 1/4*gamma(2, -1/4*(2*xx + 1)72)

Giac [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.27 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.83

1 9 1 1 1, ) 1.
/mcosh (Z+x+x) dx——g T erf <x—|—§> _§Z merf (—zx—éz)

+ @) _ L (ar-am

B

[In] integrate(x*cosh(1/4+x+x"2),x, algorithm="giac")
[Out] -1/8*sqrt(pi)*erf(x + 1/2) - 1/8xIxsqrt(pi)*erf(-I*x - 1/2*I) + 1/4*e”(x"2
+x +1/4) - 1/4%e”(-x"2 - x - 1/4)



Mupad [F(-1)]

Timed out.
/xcosh (%l—i—w—l-x?) dx:/:ccosh(

[In] int(x*cosh(x + x~2 + 1/4),x)

[Out] int(x*cosh(x + x~2 + 1/4), x)

2 —
x+x—|—4

1) dz

95
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3.13 | cosh (l +xz+ :B2) dx

4
Optimal result . . . . . . . . . . e 96!
Rubi [A] (verified) . . . . . . . .. . 96
Mathematica [A] (verified) . . . . . . . . . .. L 97
Maple [C] (verified) . . . . . . . . . . 97
Fricas [A] (verification not implemented) . . . . . . . ... .. .. ... ....... 98
Sympy [F] . . . 98]
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... 98]
Giac [C] (verification not implemented) . . . . . . . . ... .. ... ... 99
Mupad [F(-1)] . . .« 99

Optimal result

Integrand size = 9, antiderivative size = 39
1 9 1 1 1 1
cosh ( =~ +z+z° | de = —>+/merf( = (=1 —2z) | + ~/merfi| =(1 + 2z)
4 4 2 4 2
[Out] 1/4xerf(1/2+x)*Pi~(1/2)+1/4xerfi(1/2+x)*Pi~(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4 number of rules _ 0.444, Rules used = {5483,

’ integrand size
2266, 2235, 2236}

/cosh (}1 +z+ z2) dr = iﬁerﬁ(%@x + 1)) - }lﬁerf(%(—% - 1))

[In] Int[Cosh[1/4 + x + x~2],x]
[Out] -1/4%(Sqrt[Pi]*Erf[(-1 - 2%x)/2]) + (Sqrt[Pil*Erfi[(1 + 2*x)/2])/4
Rule 2235

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfi[(c + d*x)*Rt[b*Logl[F], 2]]/(2*d*Rt[b*Logl[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]l*(Exrf [(c + d*x)*Rt[(-b)*LoglF], 2]1/(2*d*Rt[(-b)*Log[F], 2])), x] /; Fr
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eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2*c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rubi steps

1 1
integral = §/e—i—x—x2 dz & §/ei+x+x2 de

= %/e—i(—l—zm)z dx + % /8411(1+2m)2 dr

= —iﬁerf<%(—l - 2m)> + iﬁerﬁ(%(l + 2x)>

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.56

1 AN 1 1
/cosh (Z+x+x> dx = 4\/7_r<erf<2+z) +erﬁ(2+x>)

[In] Integrate[Cosh[1/4 + x + x72],x]
[Out] (Sqrt[Pil*(Erfl[1/2 + x] + Erfil[1/2 + x]))/4

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.03 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.64

method | result size
I'iSCh erf(%zz)ﬁ . iy/T erfiiz‘i‘%i) 25

[In] int(cosh(1/4+x+x~2),x,method=_RETURNVERBOSE)
[Out] 1/4xerf(1/2+x)*Pi~(1/2)-1/4%xI*Pi~(1/2)*erf (I*x+1/2*I)
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.36

/Cosh(i—l—m—l—xz) dx=£—11\/7_r(erf (x—l—%) +erﬁ<x+%>)

[In] integrate(cosh(1/4+x+x"2),x, algorithm="fricas")
[Out] 1/4xsqrt(pi)*(erf(x + 1/2) + erfi(x + 1/2))

Sympy [F]

1
/cosh(i—i—x—l—ﬁ) dxz/cosh (xz—l—x—i-é—l) dz

[In] integrate(cosh(1/4+x+x**2),x)

[Out] Integral(cosh(x**2 + x + 1/4), x)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 94 vs. 2(19) = 38.

Time = 0.26 (sec) , antiderivative size = 94, normalized size of antiderivative = 2.41

3r(3 1 3 § 1 9 12
2((2z+1))* 2 (—22+1))"
2 1 (teetn?) 1 (izxﬂ))
+:ccosh(x +x+4)+4 -|-4

[In] integrate(cosh(1/4+x+x~2),x, algorithm="maxima")

[Out] -1/2%(2*x + 1)~ 3*gamma(3/2, 1/4*(2xx + 1)72)/((2*x + 1)72)7(3/2) + 1/2%(2*x
+ 1) 3*gamma (3/2, -1/4*%(2xx + 1)72)/(-(2*x + 1)72)~(3/2) + x*cosh(x"2 + x

+ 1/4) + 1/4xe”(1/4%(2xx + 1)72) + 1/4%e”(-1/4%(2*x + 1)72)
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Giac [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.26 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.54

1 9 1 1 1. . 1,
/cosh (Z—}—x—l-x) dx—zlﬁerf (m+§> —|—Zz 7 erf <—zz—§z>

[In] integrate(cosh(1/4+x+x"2),x, algorithm="giac")
[Out] 1/4*sqrt(pi)*erf(x + 1/2) + 1/4%I*sqrt(pi)*erf(-Ixx - 1/2%I)

Mupad [F(-1)]

Timed out.
1 1
/cosh (Z_l +w+x2> dr = /cosh(ac2 +x+ é_l) dz

[In] int(cosh(x + x~2 + 1/4),x)
[Out] int(cosh(x + x~2 + 1/4), x)



3.14

Optimal result

Rubi [N/A] « o oo ot e e e e

cosh (%l+x+:c2)

Mathematica [N/A]
Maple [N/A] (verified)

Fricas [N/A] . . . . .
Sympy [N/A] . . o e

Maxima [N/A]

Giac [N/A] . . o o
Mupad [N/A] . . . o

Optimal result

dx

Integrand size = 13, antiderivative size = 13

R

X

osh (; + z + 2?) dx=Int<

X

[Out] Unintegrable(cosh(1/4+x+x"2)/x,x)

Rubi [N/A]
Not integrable

cosh (1 + = + 2?) )
, T

100

Time = 0.01 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00, number
= 0.000, Rules used = {}

of steps used = 0, number of rules used

/

cosh (5 + = + 2?)
z

[In] Int[Cosh[1/4 + x + x~2]/x,x]
[Out] Defer[Int] [Cosh[1/4 + x + x~2]/x, x]

Rubi steps

integral = /

— (. Dumber of rules

> integrand size

1 2
da::/COSh(4+x+x)da:

T

cosh (§ + = + z?)
x

dz
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Mathematica [N/A]

Not integrable
Time = 4.96 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

T

/cosh(;ll—l-x—l-:cQ) dx_/cosh(;i—l-a:—l-:c?) s
z

[In] Integrate[Cosh[1/4 + x + x~2]/x,x]
[Out] Integrate[Cosh[1/4 + x + x72]/x, x]

Maple [N/A] (verified)

Not integrable
Time = 0.03 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

cosh (} + z + 2?)
/ . dx

[In] int(cosh(1/4+x+x"2)/x,x)
[Out] int(cosh(1/4+x+x"2)/x,x)

Fricas [N/A]

Not integrable
Time = 0.25 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

T T

/Cosh(;ll—i-x—l-a:?) dw_/cosh(wz—l-a:—ki) s

[In] integrate(cosh(1/4+x+x72)/x,x, algorithm="fricas")

[Out] integral(cosh(x”2 + x + 1/4)/x, x)

Sympy [N/A]

Not integrable
Time = 0.65 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.92

cosh (3 + z + 2?) _ [cosh(z®+z+ H
/ - dx —/ . dx

[In] integrate(cosh(1/4+x+x**2)/x,x)
[Out] Integral(cosh(x**2 + x + 1/4)/x, x)
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Maxima [N/A]

Not integrable
Time = 0.64 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/Cosh(;ll+x+x2) dx_/cosh(x2+x+i) i
T T

[In] integrate(cosh(1/4+x+x"2)/x,x, algorithm="maxima")

[Out] integrate(cosh(x”2 + x + 1/4)/x, x)

Giac [N/A]

Not integrable
Time = 0.25 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/cosh(;ll—l-x—l-x?) dx_/cosh(xQ—i-:c-l—i) s

T T

[In] integrate(cosh(1/4+x+x~2)/x,x, algorithm="giac")

[Out] integrate(cosh(x"2 + x + 1/4)/x, x)

Mupad [N/A]

Not integrable
Time = 1.55 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

cosh (3 + = + 2?) B cosh(z? + z + 1)
/ . da:—/ = dx

[In] int(cosh(x + x~2 + 1/4)/x,x)
[Out] int(cosh(x + x~2 + 1/4)/x, x)
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cosh (Lll+x+:c2)

3.15 | — dx

Optimal result . . . . . . . . . . . e 103]
Rubi [N/A] © o oo o e e 103
Mathematica [N/A] . . . . . . . 104
Maple [N/A] (verified) . . . . . . . . . . 104
Fricas [N/A] . . . . o o 105
Sympy [N/A] . . 105
Maxima [N/A] . . . o 105
Giac [N/A] .« . o 106
Mupad [N/A] . . . o 106

Optimal result

Integrand size = 13, antiderivative size = 13

cosh (5 + = + 2?) cosh (5 + = + z?)
/ = dz = —

+ %ﬁerf(%(—l — 235))
inh 1 2
+%\/7_rerﬁ<%(1+2x)) +Int<Sln (t+z+=z >,x>

T

[Out] -cosh(1/4+x+x~2)/x-1/2xerf (1/2+x)*Pi~(1/2)+1/2%erfi(1/2+x)*Pi~(1/2)+Uninteg
rable(sinh(1/4+x+x~2)/x,x)

Rubi [N/A]
Not integrable

Time = 0.03 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used = 0, Bumber of rules _ 4 550 Ryles used = {}
integrand size

/cosh (L—l1 —|—2$+x2) dac:/COSh (;11 —|—2x+x2) .
x x
[In] Int[Cosh[1/4 + x + x~2]/x"2,x]

[Out] -(Cosh[1/4 + x + x72]/x) + (Sqrt[Pi]*Erf[(-1 - 2%x)/2])/2 + (Sqrt[Pi]*Erfil
(1 + 2%x)/2])/2 + Defer[Int] [Sinh[1/4 + x + x~2]/x, x]
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Rubi steps
cosh (1 + z + z? 1 sinh (% + z + 2?2
integral = — (4 ) +2/sinh <—+x+x2> dx-l—/ (4 )da:
x 4 x
1 2 : 1 2
=—COSh(4+x+x)—/e‘i_””_xde—k/ei+x+x2dx+/smh(4+x+x)da:
x x
1 2 . 1 2
:_cosh (Z—i-x—l-a: ) —/e‘i(_l_%)Qda:+/e}1(1+2"”)2 d:c—i—/smh (Z—I-x—l-a: ) s
x x

h (L 2
:_COS (4:$+x)+%\/7_rerf(%(_1_2x))

+ %ﬁerﬁ(%(l +21‘)> +/

sinh (1 + z + 2?)
x

dz

Mathematica [N/A]
Not integrable

Time = 6.32 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.15

cosh (3 + z + 2?) cosh (3 + z + 2?)
/ p dr = / p dz

[In] Integrate[Cosh[1/4 + x + x~2]/x"2,x]
[Out] Integrate[Cosh[1/4 + x + x72]/x72, x]

Maple [N/A] (verified)
Not integrable

Time = 0.02 (sec) , antiderivative size = 11, normalized size of antiderivative = 0.85

cosh (3 + = + 2?)
/ 4 p dx

[In] int(cosh(1/4+x+x~2)/x"2,x%)
[Out] int(cosh(1/4+x+x"2)/x"2,%)



105

Fricas [N/A]

Not integrable
Time = 0.24 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

xr2

1 2 2 1
/cosh(4:2x+a:)dx=/cosh(x +x+4)dx

[In] integrate(cosh(1/4+x+x72)/x"2,x, algorithm="fricas")

[Out] integral(cosh(x™2 + x + 1/4)/x72, x)

Sympy [N/A]

Not integrable
Time = 0.44 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.08

/cosh(;ll—l-x—l-x?) dx_/cosh(xQ—i-:c-l—i) s

2 2

[In] integrate(cosh(1/4+x+x**2)/x**2,x)
[Out] Integral(cosh(x**2 + x + 1/4)/x*%x2, x)

Maxima [N/A]

Not integrable
Time = 0.48 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

h (L 2 h (2 1
/cos (4;—2x+x)dm=/cos (xx—zl—x+4)dm

[In] integrate(cosh(1/4+x+x~2)/x"2,x, algorithm="maxima")

[Out] integrate(cosh(x™2 + x + 1/4)/x72, x)



Giac [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

2 2

/Cosh(;ll+x+x2) dx_/cosh(x2+x+i) i

[In] integrate(cosh(1/4+x+x72)/x"2,x, algorithm="giac")

[Out] integrate(cosh(x™2 + x + 1/4)/x72, x)

Mupad [N/A]
Not integrable

Time = 1.57 (sec) , antiderivative size = 13, normalized size of antiderivative = 1.00

/cosh(i—l—:v—l-xz) dx_/cosh(xz—l-x-{—i) p

2 2

[In] int(cosh(x + x~2 + 1/4)/x"2,%)
[Out] int(cosh(x + x~2 + 1/4)/x"2, %)

i
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3.16 [ 22 cosh? (a + bz + cz?) dz

Optimal result . . . . . . . . . . e 107
Rubi [A] (verified) . . . . . . . . 107
Mathematica [A] (verified) . . . . . . . .. ... L o 110
Maple [A] (verified) . . . . . . . .. 110
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........ 110
Sympy [F] . . o 111
Maxima [A] (verification not implemented) . . . . . . . ... ... ... L. 111
Giac [A] (verification not implemented) . . . . . . . .. ... ... 112
Mupad [F(-1)] . . . oo 112

Optimal result

Integrand size = 17, antiderivative size = 268

1;3 —2a+ 2 T \/_erf ( b+2cx > —2a+ T \/_erf( b+2czx )
+

/x2 cosh’® (a + bz + cz?) dz = — _|_

6 32c5/2 32c3/2
b2e20—s \/_ erfi < biZes > \/_ erfi < biZes >
+ 32c5/2 32¢3/2
bsinh (2a + 2bz + 2cz?)  zsinh (2a + 2bx + 2cz?)
- +
16¢2 8c

[Out] 1/6%x"~3-1/16*b*sinh(2*c*x”~2+2*b*x+2%a)/c~2+1/8*x*sinh (2*c*x~2+2*b*x+2%a) /c+
1/64xb~2%exp (-2*a+1/2xb~2/c) *erf (1/2* (2xc*xx+b)*2~(1/2) /c~(1/2))*2~(1/2) *Pi~
(1/2)/c~(5/2)+1/64*exp(-2*a+1/2%b~2/c) *erf (1/2* (2xc*xx+b)*2~(1/2) /c~(1/2)) %2
~(1/2)*Pi~(1/2)/c~(3/2)+1/64%b"2xexp (2*¥a-1/2xb~2/c) xerfi (1/2* (2*c*x+b) *2~ (1
/2)/c~(1/2))*27(1/2)*Pi~(1/2) /c~(5/2)-1/64xexp(2*a-1/2%b"2/c) *erfi (1/2* (2*c

*x+b) *27(1/2) /¢~ (1/2))*2~(1/2)*Pi~(1/2) /c~(3/2)

Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 268, normalized size of antiderivative = 1.00,
number of steps used = 14, number of rules used = 8, number of rules _ 471, Rules used

integrand size
= {5503, 5495, 5491, 5483, 2266, 2235, 2236, 5482}

/x2 cosh?® (a + bz + cz?) dr =

32¢3/2 32¢5/2
2
\/geh_g*cerﬁ(—fg%) \/_bz 2“_7erﬁ<$"§2\%)
B 32¢3/2 + 32¢5/2

bsinh (2a + 2bx + 2cx?)  xsinh (2a + 2bx + 2cx?) x?
= + +
16¢2 8c 6
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[In] Int[x"2%Cosh[a + b*x + c*x~2]72,x]

[Out] x73/6 + (b"2+E~(-2%a + b~2/(2*c))*Sqrt[Pi/2]*Erf[(b + 2*c*x)/(Sqrt[2]*Sqrt[
c1)1)/(32%c~(5/2)) + (E~(-2*a + b~2/(2*c))*Sqrt[Pi/2]*Erf[(b + 2*c*x)/(Sqrt
[2]1*Sqrt[c])]1)/(32%c~(3/2)) + (b~2+E~(2*a - b~2/(2*c))*Sqrt [Pi/2]*Erfi[(b +

2xcxx) /(Sqrt [2]*Sqrt[c])]1)/(32xc~(5/2)) - (E~(2*a - b~2/(2%c))*Sqrt [Pi/2]*
Erfi[(b + 2xcxx)/(Sqrt[2]*Sqrtlc])])/(32xc~(3/2)) - (b*Sinh[2*a + 2xbxx + 2
*xc*xx"2])/(16%c™2) + (x*Sinh[2xa + 2%b*x + 2xc*x~2])/(8%*c)

Rule 2235

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[bxLog[F], 2]11/(2*d*Rt[b*Log[F], 21)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*Log[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2xc*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5482

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]1*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[ex(Sinh[a + b*x + c*x72]/(2*c)), x] - Dist[(b*e - 2*c*d)/(2*c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xc*xd, 0]

Rule 5495

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_))"(m_), x_Sy
mbol] :> Simp[ex(d + exx)~(m - 1)*(Sinh[a + b*x + c*x72]/(2%c)), x] + (-Dis
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t[(bxe - 2xcxd)/(2*c), Int[(d + e*x)"(m - 1)*Cosh[a + b*x + c*x~2], x], x]
- Dist[e™2*%((m - 1)/(2%c)), Int[(d + e*x)~(m - 2)*Sinh[a + b*x + c*x~2], x]
, x]1) /; FreeQ[{a, b, c, d, e}, x] & GtQ[m, 1] && NeQ[bxe - 2xc*d, 0]

Rule 5503
Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2] (@ )*((d_.) + (e_.)*(x_))"(m_.)

, Xx_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x”2]"n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rubi steps

integral = ( + a: ?cosh (2a + 2bz + 2czx )) dz
+

= % 2/3: cosh (2a + 2bz + 2cz?) dz
z3 L F sinh (2a + 2bz + 2cz?) [ sinh (2a + 2bz + 2cx?) dz
6 8¢ 8¢
b [ zcosh (2a + 2bz + 2cz?) dx
4c
_#*  bsinh (2a + 2bz + 2cz?) L2 sinh (2a + 2bzx + 2cx?)
6 16¢2 8¢
N b? [ cosh (2a + 2bz + 2cz?) dzx N S g20—2bz—2ca’ [ g2a+2bat2ea® o
8c? 16¢ 16¢
_ 2®  bsinh (2a 4 2bx + 2ca?) L2 sinh (2a + 2bx + 2cx?) N b? [ e~2a-2be-2a® gy
6 16¢2 8¢ 16¢2
b2 [ p20+2ba+2ca? g eQa—— I 6<2b+84cw> 6_2‘”% fe_% dz
+ - “ ¥
16¢2 16¢ 16¢
—2a b2 T b+2cx 2a—— b+2cx
o N e \/gerf< \}Li\ﬁ) \/_erﬁ(\%\/a) bsinh (2a + 2bz + 2cx?)
6 32¢3/2 32¢3/2 16¢2
2a— (2b+4cx)? —%a b2 _ (=2b—4ca)?
+£L'Si1’lh (2a _|_ 2bIL‘ _|_ 201.2) N (b2 2c) f e 8c d:l,‘+ <b2€ +2c> f e 8c dx
8¢ 16¢2 16¢2
2 —2a—|— b+2cx —2a+ﬁ I b+2cx 2 2a—ﬁ I b+2cx
_w_3+b \/_erf< >+e 2c\/§erf<\/§ﬁ>+be 2c\/§erﬁ(\/§ﬁ>
G 32¢5/2 32¢3/2 32¢5/2

a_ﬁ T b+2cz
e V/Ferfi( 222 _ bsinh (2a+ 2bz + 2ca”) | wsinh (20 + 2bz + 2c2”)
3903/2 16¢2 8c
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Mathematica [A] (verified)

Time = 0.52 (sec) , antiderivative size = 176, normalized size of antiderivative = 0.66

/ z? cosh’ (a + bz + cz?) dz

~ 3(b% +¢) \/%erf<b+2‘””) <cosh (2a - g—i) — sinh (2(1 - —>> 3(b% — ¢) \/%erﬁ(b“”) (cosh <2a - —)
B 192¢5/2

[In] Integrate[x~2*Cosh[a + b*x + c*x~2]72,x]

[Out] (3*(b~2 + c)*Sqrt[2*Pi]*Erf[(b + 2xc*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*xa - b2/
(2xc)] - Sinh[2*a - b~2/(2%c)]) + 3*%(b"2 - c)*Sqrt[2*Pi]*Erfi[(b + 2xc*x)/(

Sqrt [2]*Sqrt [c])]*(Cosh[2*xa - b~2/(2%c)] + Sinh[2*a - b~2/(2*c)]) + 4xSqrtl[
cl*(8*xc™2%x"3 - 3*(b - 2*c*x)*Sinh[2*(a + x*x(b + c*x))]))/(192*%c~(5/2))

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 281, normalized size of antiderivative = 1.05

method | result

. h 1)3 ze—2cw2—2b:c—2a be—QC z2 _2bz—2a b2\/7 2 f erf(f \ﬁz‘i‘ bf) f 2 f erf(f \ﬁz‘i‘ bf)
T'1SC. r 16¢ 32¢2 +

64c2 2 64c2 2

[In] int(x"2*cosh(c*x~2+b*x+a) 2,x,method=_RETURNVERBOSE)

[Out] 1/6%x73-1/16/c*x*exp(-2%c*x~2-2%b*x-2%a)+1/32%b/c”2*exp (-2*c*x~2-2*b*x-2%a)
+1/64*b"2/c” (5/2)*Pi~(1/2) *exp (-1/2% (4*xaxc-b~2) /c)*2~ (1/2) *xerf (27 (1/2)*c~ (1
/2)*x+1/2%b%27(1/2) /c~(1/2))+1/64/c~(3/2) *Pi~ (1/2) *exp(-1/2* (4*a*c-b~2) /c) *
27(1/2) *erf (27 (1/2) *c~ (1/2) *x+1/2%bx2~(1/2) /c~(1/2) ) +1/16/c*x*exp (2*xc*xx~2+2
*bxx+2%a)-1/32%b/c”2%exp (2% c*xx~2+2*%b*x+2%a) -1/32*%b~2/c~2*¥Pi~ (1/2) *exp (1/2%(
4xaxc-b~2)/c) /(-2%c) ~(1/2) *xerf (- (-2*c) ~(1/2) *x+b/ (-2*c) ~(1/2))+1/32/c*¥Pi~ (1
/2) *exp(1/2%(4*a*xc-b~2)/c)/(-2xc)~(1/2) *erf (- (-2*c) ~(1/2) *x+b/(-2xc)~(1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 766 vs. 2(210) = 420.

Time = 0.26 (sec) , antiderivative size = 766, normalized size of antiderivative = 2.86

/x2 cosh’® (a + bz + cz?) dz

32c3z® cosh (cz? + bz + a)” + 6 (2 2z — be) cosh (cz? + bz + a)* + 24 (2 2z — be) cosh (cz? + bz + a) sinh
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[In] integrate(x~2*cosh(c*x~2+b*x+a)~2,x, algorithm="fricas")
[Out] 1/192%(32*c~3*x"3*cosh(c*x”"2 + b*x + a)~2 + 6%(2*xc”2*x - b*c)*cosh(c*x~2 +
b*x + a)~4 + 24*%(2%c”2*x - b*c)*cosh(c*x™2 + b*x + a)*sinh(c*x”"2 + b*x + a)
“3 + 6%(2%c”2%x - b*c)*sinh(c*x"2 + b*x + a)~4 - 3*sqrt(2)*sqrt(pi)*((b~2 -
c)*cosh(c*x™2 + b*x + a) 2xcosh(-1/2*x(b"2 - 4*a*xc)/c) + (b"2 - c)*cosh(c*x
2 + b*x + a)~2*sinh(-1/2*x(b"2 - 4x*axc)/c) + ((b™2 - c)*cosh(-1/2*(b"2 - 4x
axc)/c) + (b”2 - c)*sinh(-1/2*x(b"2 - 4*axc)/c))*sinh(c*x"2 + b*x + a)~2 + 2
*((b"2 - c)*cosh(c*x™2 + bxx + a)*cosh(-1/2%(b"2 - 4x*ax*xc)/c) + (b"2 - c)*co
sh(c*x™2 + bxx + a)*sinh(-1/2x(b"2 - 4*a*c)/c))*sinh(c*x~2 + b*x + a))*sqrt
(-c)*erf (1/2xsqrt (2)*(2*c*x + b)*sqrt(-c)/c) + 3*sqrt(2)*sqrt(pi)*((b"2 + c
)*cosh(c*x"2 + b*x + a)~2*cosh(-1/2*x(b"2 - 4xaxc)/c) - (b~2 + c)*cosh(c*xx"2
+ b*x + a)”2*sinh(-1/2%(b"2 - 4x*ax*xc)/c) + ((b"2 + c)*cosh(-1/2%(b"2 - 4*a*
c)/c) - (72 + c)*sinh(-1/2*x(b"2 - 4xaxc)/c))*sinh(c*x"2 + bxx + a)~2 + 2x(
(b™2 + c)*cosh(c*x™2 + bxx + a)*cosh(-1/2%(b"2 - 4xax*xc)/c) - (b"2 + c)*cosh
(c*x”2 + b*x + a)*sinh(-1/2%(b"2 - 4*a*c)/c))*sinh(c*x"2 + b*x + a))*sqrt(c
)*erf (1/2xsqrt (2) *(2*c*xx + b)/sqrt(c)) - 12%c™2*x + 4*(8%c~3*x"3 + 9*(2%c™2
*x — b*c)*cosh(c*x”™2 + b*x + a)~2)*sinh(c*x”2 + bxx + a)~2 + 6xbxc + 8*(8*c
~3xx"3*%cosh(c*x”2 + b*x + a) + 3*%(2*%c™2*x - b*c)*cosh(c*x™2 + b*xx + a)~3)*s
inh(c*x™2 + b*x + a))/(c"3*cosh(c*x"2 + b*x + a)”~2 + 2*c"3*cosh(c*x™2 + b*x
+ a)*sinh(c*x™2 + b*x + a) + c”3*sinh(c*x"2 + b*x + a)~2)

Sympy [F]
/x2 cosh’® (a + bz + c2?) dz = /x2 cosh’ (a + bz + cz?) dz

[In] integrate(x**2*cosh(c*x**2+b*x+a)**2,x)

[Out] Integral(x**2kcosh(a + b*x + ckx**2)**x2, x)

Maxima [A] (verification not implemented)
none
Time = 0.30 (sec) , antiderivative size = 294, normalized size of antiderivative = 1.10
/w2 cosh? (a + bx + cx2) dr = % 3
¢E90z+bw2(mf(v@\/—§52}93>—1) 2v§w<§g%%93> 2@cz+w3F<%ria%%Qz> (2a-22)

\/_ Qeczt+b)? CC”C“’)Q e B c N (_ (2 cx+b)2 ) %c% €

64/
CcT 2 CcT
V(2 catb)b? (erf(\/E\/@:”jN)—l) . 2\/§bce<_<2?%b)> ~ 2(2m+b)3r(g;<22f’>2> e(_2a+bjc)
\/%(_c)z (—c)2 ((2 cmc+b)2 ) 2 (—c)%

64+/—c

V2

(S

_|_

V2
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[In] integrate(x~2*cosh(c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] 1/6%x"3 + 1/64*sqrt(2)*(sqrt(pi)*(2xcxx + b)*b~2*(erf (sqrt(1/2)*sqrt (- (2*cx*
X + b)72/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c~(5/2)) - 2*sqrt(2)*bxe~(1/2%(2*

cxx + b)~2/c)/c”(3/2) - 2%(2*c*x + b) " 3*gamma(3/2, -1/2%(2*c*x + b)~2/c)/((
-(2xcxx + b)~2/c)"(3/2)*c~(5/2)))*e~(2*a - 1/2*%b"2/c)/sqrt(c) - 1/64*sqrt(2
)*(sqrt (pi) *(2xc*xx + b)*b~2* (erf (sqrt(1/2)*sqrt((2*c*x + b)~2/c)) - 1)/(sqr
t((2%cxx + b)~2/c)*(-c)~(5/2)) + 2*sqrt(2)*b*c*xe” (-1/2%(2xc*x + b)~2/c)/(-c

)~ (56/2) - 2%(2xc*x + b) "3*gamma(3/2, 1/2%(2xc*x + b)~2/c)/(((2*c*x + b)~2/c

)~ (3/2)*%(-c)~(5/2)))*e”(-2*a + 1/2*%b"2/c)/sqrt(-c)

Giac [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 182, normalized size of antiderivative = 0.68

/m2 cosh? (a + bz + ca:2) dzx

2_4ac
- \/iﬁ(b%rc)erf(—;\/\2’[\6/5(2%’;))6(1) 7%) +2(c(2a+ 1) — 2b)e(-2ea’~2ba-20)
Y ~ 64 c?
_oyert(—3 vava(2e42))e " TTE)
Vaym (2 —c) erf ;ﬂg(zﬁg))e —2(c(2z+b) - 2b)e(2cz2+2bm+2a)
- 64 c?

[In] integrate(x~2*cosh(c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/6*x"3 - 1/64*(sqrt(2)*sqrt(pi)* ("2 + c)*erf(-1/2*sqrt(2)*sqrt(c)*(2*x +
b/c))*e”(1/2x ("2 - 4xaxc)/c)/sqrt(c) + 2*%(cx(2*x + b/c) - 2xb)*e” (-2xc*x™2

- 2xbxx — 2%a))/c”2 - 1/64*(sqrt(2)*sqrt(pi)*(b~2 - c)x*erf(-1/2*sqrt(2)*sq
rt(-c)*(2xx + b/c))*e~(-1/2x(b~2 - 4*a*xc)/c)/sqrt(-c) - 2x(cx(2*x + b/c) -
2xb)xe” (2%c*xx"2 + 2*bxx + 2%a))/c”2

Mupad [F(-1)]

Timed out.

/ar:zcosh2 (a+ bz +cz?) do = /:czcosh(ca:2+b:c+a)2d:v

[In] int(x"2*cosh(a + b*x + c*x"2)"2,x)

[Out] int(x"2%cosh(a + b*x + c*x~2)~2, x)
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3.17 [z cosh? (a + bx + cx?) dx

Optimal result . . . . . . . . . . . e 113
Rubi [A] (verified) . . . . . . . . 113l
Mathematica [A] (verified) . . . . . . . . . . . .. 115
Maple [A] (verified) . . . . . . ... 115
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........ 116!
Sympy [F] . . o 116
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 117
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 117
Mupad [F(-1)] . . . . 118}

Optimal result

Integrand size = 15, antiderivative size = 136

—2a+b—28 T (b—}-ZCz)
/avcosh2 (a+ bz +cz?) do = z—z — e 2 \/;erf Vave

4 16¢3/2
2a—b /7% b+2cz
be*~ 5 \/Eerﬁ(jm) , sinh (20 +2bz + 2cz?)
16¢3/2 8c

[Out] 1/4%x~2+1/8%sinh(2%c*x~2+2*b*x+2%a)/c-1/32*%bxexp(-2*a+1/2*b~2/c)*erf (1/2*(2
*xckx+b) *27(1/2) /¢ (1/2) ) %2~ (1/2)*Pi~(1/2) /c~ (3/2) -1/32*bxexp (2*a-1/2*b"2/c)
*xerfi(1/2%(2*%c*x+b)*27(1/2)/c~(1/2))*27(1/2)*Pi~(1/2) /c~(3/2)

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 6, Lumber of rules _ ( 440 Ryles used

' integrand size
= {5503, 5491, 5483, 2266, 2235, 2236}

T ﬁ—Qa b+2cx T 2a—£ b+2czx
_\/gbezc erf(\[z—ﬁ) B \/gbe 2cerﬁ<\/§\/a)

/a:cosh2 (a+ bz +cz?) do =

16¢3/2 16¢3/2
sinh (2a + 2bx + 2cz?)  z?
+ J—
8c 4

[In] Int[x*Cosh[a + b*x + c*x~2]"2,x]

[Out] x72/4 - (b*E~(-2%a + b~2/(2%c))*Sqrt[Pi/2]*Erf[(b + 2*c*x)/(Sqrt[2]*Sqrt[c]
)1)/(16%xc~(3/2)) - (b*E~(2%a - b~2/(2%c))*Sqrt[Pi/2]*Erfi[(b + 2x*c*x)/(Sqrt
[2]*Sqrt[c])])/(16%xc~(3/2)) + Sinh[2*a + 2%b*x + 2xc*x~2]/(8*c)

Rule 2235
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Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil(c + d*x)*Rt[bxLog[F], 2]11/(2*d*Rt[b*Log[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pi]*(Erf[(c + d*x)*Rt[(-b)*Log[F], 2]1]1/(2*d*Rt[(-b)*LoglF], 2]1)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sinh[a + b*x + c*x72]/(2%c)), x] - Dist[(b*e - 2%c*d)/(2*c), In

t[Cosh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*xe - 2

*c*xd, 0]

Rule 5503

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_)*((d_.) + (e_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x~2]"n, x
1, x1 /; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[n, 1]

Rubi steps

1
integral = / (g + 52 cosh (2a + 2bz + 2cx2)) dz

2 1
- %4— 5/:ccosh (2a + 2bz + 2cz?) dz

_a? N sinh (2a + 2bz + 2cz?) b [ cosh (2a + 2bz + 2cz?) dzx
T4 8c - 4c

22 sinh (20 + 2bx 4 2cz?) b [e 2 Wro2w gy p [ ePatbet2ea® gy
J— + — —
4 8c 8¢ 8c
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(2b+4cz) b2 (—2b—4cz)2
8c <be‘2a+%> [e s dx

z2 N sinh (2a + 2bz + 2cm2) ( a_7> Je
T4 8c 8c 8c

—2a E e b+2cz a_ﬁ T b+2cx
b b yger(Se) b erh(52%) s 2ot 200+ 20
1 166372 16¢3/2 8c

Mathematica [A] (verified)

Time = 0.27 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.14

/ac cosh’® (a + bz + cz?) dz

b\/%erf(b””) (— cosh (2a — —> + sinh <2a — —)) b@erﬁ(””cw) S/CQOSh (2(1 — —) + sinh <2a -
32c

[In] Integrate[x*Coshl[a + b*x + c*x~2]72,x]

[Out] (b*Sqrt[2*Pil*Erf[(b + 2*c*x)/(Sqrt[2]*Sqrt[c])I*(-Cosh[2*a - b~2/(2*c)] +
Sinh[2*a - b~2/(2%c)]) - b*Sqrt[2*Pi]*Erfi[(b + 2x*c*x)/(Sqrt[2]*Sqrt[c])]*(
Cosh[2*a - b~2/(2%c)] + Sinh[2*a - b~2/(2%c)]) + 4*Sqrt[cl*(2*c*x~2 + Sinh[

2x(a + xx(b + c*x))]1))/(32%c~(3/2))

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 141, normalized size of antiderivative = 1.04

method | result

_ 4ac—b% —
2 e—20w2—2bz—2a bﬁe (ﬁﬁx—i—%) + e?cz2+2bw+2a bﬁe 2e erf(— _20$+\/%2c) 1

: X
risch 4 16c 3203 16¢ 16¢v/—2¢

[In] int(x*cosh(c*x"2+b*x+a)”2,x,method=_RETURNVERBOSE)

[Out] 1/4*x"2-1/16/c*exp(-2*%c*x~2-2*%b*x-2%a)-1/32%b/c~(3/2)*Pi~ (1/2)*exp(-1/2* (4%
axc-b~2)/c)*27(1/2) *erf (27 (1/2)*c~(1/2) *x+1/2*%b*x2~(1/2) /c~(1/2) )+1/16/c*exp

(2% c*x™2+2*b*x+2%a) +1/16%b/c*Pi~ (1/2) *exp (1/2* (4xaxc-b~2) /c) / (-2%c) ~(1/2) *e

rf (- (-2%c) " (1/2) *x+b/ (-2%c) " (1/2))
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 647 vs. 2(106) = 212.

Time = 0.26 (sec) , antiderivative size = 647, normalized size of antiderivative = 4.76

/z cosh’® (a + bz + cz?) dz

8 22 cosh (ca? + bz + a)? + 2 ccosh (cz? + bz + a)* + 8 ccosh (cz? + bz + a) sinh (cz? + bz + a)’ + 2¢si

[In] integrate(x*cosh(c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] 1/32*%(8*c™2*x"2*cosh(c*x"2 + b*x + a)~2 + 2*cxcosh(c*x™2 + b*x + a)~4 + 8*c
*cosh(c*x™2 + bxx + a)*sinh(c*x™2 + bxx + a)~3 + 2xc*sinh(c*x"2 + b*x + a)~
4 + sqrt(2)*sqrt(pi)*(b*cosh(c*x"2 + b*x + a) 2xcosh(-1/2x(b~2 - 4*axc)/c)
+ b*cosh(c*x™2 + bxx + a) 2*sinh(-1/2%(b~2 - 4x*axc)/c) + (bxcosh(-1/2x(b"2
- 4xaxc)/c) + bxsinh(-1/2%(b"2 - 4*ax*c)/c))*sinh(c*x"2 + b*x + a)~2 + 2% (bx*
cosh(c*x™2 + bxx + a)*cosh(-1/2%(b~2 - 4x*a*xc)/c) + b*cosh(c*x™2 + b*x + a)x*
sinh(-1/2%(b~2 - 4*axc)/c))*sinh(c*x"2 + b*x + a))*sqrt(-c)*erf (1/2*sqrt(2)
*x(2xc*x + b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi)*(b*cosh(c*xx~2 + b*x + a) 2*cosh
(-1/2%(b~2 - 4*a*c)/c) - bxcosh(c*x"2 + b*x + a) " 2*sinh(-1/2*x(b"2 - 4xaxc)/
c) + (b*cosh(-1/2*(b"2 - 4*a*c)/c) - bxsinh(-1/2*x(b"2 - 4*axc)/c))*sinh(c*x
"2 + b*x + a)~2 + 2*(b*cosh(c*x™2 + b*x + a)*cosh(-1/2%(b"2 - 4*a*c)/c) - b
*cosh(c*x™2 + bxx + a)*sinh(-1/2*%(b~2 - 4x*a*c)/c))*sinh(c*x"2 + b*x + a))x*s
qrt (c)*erf (1/2*sqrt(2) *(2xc*x + b)/sqrt(c)) + 4*(2%xc™2%x"2 + 3*c*xcosh(c*x~2
+ bxx + a)72)*sinh(c*x~2 + bxx + a)~2 + 8%(2*c”2xx"2*cosh(c*x™2 + b*x + a)
+ c*cosh(c*x™2 + bxx + a)~3)*sinh(c*x"2 + b*x + a) - 2xc)/(c"2*cosh(c*x"2
+ b*x + a)”2 + 2*xc"2*cosh(c*x”2 + b*x + a)*sinh(c*x”2 + b*x + a) + c”~2*sinh
(c*x™2 + b*x + a)~2)

Sympy [F]
/accosh2 (a+ bz +cz?) do = /al:cosh2 (a+ bz + cz?) d

[In] integrate(x*cosh(cxx**2+bxx+a)**2,x)

[Out] Integral(x*cosh(a + b*x + ckxx**2)*x2, Xx)
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Maxima [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.47

/:c cosh® (a + bz + cz?) dz

2 cz+b)?
ﬁ(2cw+b)b(erf(\/g\/—w)—l) 26((2 50 ) (20-22)
e 2c

1 \/5 \/_ (2 ca:c+b)2 C% o \/E
— T2 _
1" 32+/c
V(2 catb)b ( erf \ﬁ\/@ -1 R ot
\/ﬁ \/((26m(+b)§(_c)g ) ) + \/ice<(_c)g ) 6< 2 +20>

32+v/—c

[In] integrate(x*cosh(c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] 1/4*x~2 - 1/32%sqrt(2)*(sqrt(pi)*(2*cxx + b)*b*(erf (sqrt(1/2)*sqrt(-(2*c*x
+ b)"2/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c”(3/2)) - sqrt(2)*e”(1/2x(2*kc*xx +
b)~2/c)/sqrt(c))*e~(2*a - 1/2*¥b~2/c)/sqrt(c) - 1/32xsqrt(2)*(sqrt(pi)*(2*c*

x + b)xbx(erf (sqrt(1/2)*sqrt ((2*cxx + b)~2/c)) - 1)/(sqrt((2xcxx + b)~2/c)*
(=¢)~(3/2)) + sqrt(2)*cxe”(-1/2%(2xc*x + b)~2/c)/(-c)~(3/2))*e”~(-2xa + 1/2%
b~2/c)/sqrt(-c)

Giac [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.04

(b2—4ac)
Vavmbert(—5 Vave(2ett))e\ T ) (hee gk ga)

1
2 2 _ 1 2 Ve
/xcosh (a+bx+cz)dz—4x + 59 ¢

_ b2—4ac

x/iﬁberf(—é\/i\/:j/gﬂz))e( o 1 9 (2’ +2br+20)

+ 32¢

[In] integrate(x*cosh(c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/4*x~2 + 1/32%(sqrt(2)*sqrt(pi)*bxerf (-1/2*sqrt(2)*sqrt(c)*(2*x + b/c))*e”
(1/2%(b~2 - 4*axc)/c)/sqrt(c) - 2%e”(-2xcxx"2 - 2*%bxx - 2*a))/c + 1/32x(sqr

t(2) *sqrt (pi) *bxerf (-1/2*sqrt (2) *sqrt (-c)*(2*x + b/c))*e”(-1/2x(b"2 - 4*a*c
)/c)/sqrt(-c) + 2%e~(2xc*x~2 + 2xb*x + 2%a))/c
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Mupad [F(-1)]

Timed out.

/gvcosh2 (a—|—bx—|—ca:2) d:c=/a:cosh(cx2—|—bx+a)2dx

[In] int(x*cosh(a + b*x + c*x~2)72,x)

[Out] int(x*cosh(a + b*x + c*x~2)"2, x)
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3.18 [ cosh® (a + bx + cz?) dx

Optimal result . . . . . . . . . . . e 1191
Rubi [A] (verified) . . . . . . .. . 119
Mathematica [A] (verified) . . . . . . . . ... L 121]
Maple [A] (verified) . . . . . . . . . 121
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... 1211
Sympy [F] . . o o 122
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 1221
Giac [A] (verification not implemented) . . . . . . .. ... .. .. .. L. 122
Mupad [F(-1)] . . . 123

Optimal result

Integrand size = 13, antiderivative size = 110

e—2a+g Torf( bt2ez 20— gjc 7 orfy  bt2er
/Cosh2 (@ + bz + cz?) dw:g‘i‘ \/8;\/5 <\/§~/E> " \/8;\/5 <ﬁﬁ)
[Out] 1/2%x+1/16%exp(-2+a+1/2+b"2/c)*ers (1/2% (2+chx+b) ¥2™ (1/2) /c™(1/2)) %27 (1/2)+P

i~(1/2)/c~(1/2)+1/16*exp(2*xa-1/2*%b"2/c) *erfi(1/2* (2xcxx+b)*2~(1/2)/c~(1/2))
*27(1/2)*Pi~(1/2)/c~(1/2)

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 5, Bumber of rules _ 35 Ryles uged

' integrand size
= {5485, 5483, 2266, 2235, 2236}

[ £—2a b+2cx T 2a—£ b+2cx
/COSh2 (a+b$+c.’1,'2) dr — \/562c erf(\}%\/g> N \/Ee 2cerﬁ<\7§\ﬁ> +£
8\/c 8\/c 2

[In] Int[Cosh[a + b*x + c*x~2]°2,x]

[Out] x/2 + (E"(-2%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b + 2*c*x)/(Sqrt[2]*Sqrtlcl)])/
(8xSqrt[c]) + (E~(2xa - b~2/(2*c))*Sqrt [Pi/2]*Erfi[(b + 2*c*x)/(Sqrt[2]*Sqr
t[c])1)/(8%Sqrtcl)

Rule 2235

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pi]l*(Erfi[(c + d*x)*Rt[bxLog[F], 2]]1/(2xd*Rt[b*xLogl[F]l, 2])), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]
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Rule 2236

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]1/(2*d*Rt[(-b)*LoglF], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2*c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b¥x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5485

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTr
igReduce[Cosh[a + b*x + c*x~2]°n, x], x] /; FreeQ[{a, b, c}, x] & IGtQ[n,
1]

Rubi steps

1 1
integral = / (5 +3 cosh (2a + 2bz + 26$2)) dz

1
= g +5 / cosh (2a + 2bz + 2cz?) dz
1 1
— g + Z/e—2a—2bm—20$2 d.’L'+ Z_-l/\62(1—1—2()2:—{—2&7:2 dx
= g + ieza_gi /e(wrs‘lcm2 dx + 36_2”33 /e_(_zbgfcz)z dx

2 2
2 8+/c 8v/c
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.27

/ cosh’® (a + bz + cz?) dz

4\/_\/514— \/_erf<b+2“

\_/

<cosh (Qa — g—i) — sinh (2a — —)) + \/_erﬁ<b+2“c”> <cosh <2a — g—i) + sinh |
8v2y/c

[In] Integrate[Cosh[a + b*x + c*x~2]72,x]

[Out] (4xSqrt[2]*Sqrtlcl*x + Sqrt[Pil*Erf[(b + 2xcxx)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*
a - b™2/(2xc)] - Sinh[2*a - b~2/(2%c)]) + Sqrt[Pil*Erfil[(b + 2*c*x)/(Sqrt[2
1*Sqrt[c])]*(Cosh[2*a - b~2/(2*c)] + Sinh[2*a - b~2/(2*c)]))/(8+Sqrt [2]*Sqr

tlcl)

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.85

method | result size
ac—b? ac—b2

b |z T ) e (et |,

T1sC 3t 16y/c - 8v—2c 9

[In] int(cosh(c*x~2+b*x+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/2*x+1/16%Pi~(1/2)*exp(-1/2*(4*a*xc-b"2)/c)*27(1/2)/c”(1/2)*erf (27 (1/2)*c~(
1/2) *x+1/2%b*27(1/2) /c~(1/2))-1/8%Pi~(1/2) *exp (1/2* (4*a*c-b~2) /c) / (-2*c)~ (1
/2)*xerf (- (-2%c) ~(1/2) *x+b/ (-2%c) " (1/2))

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.16

/cosh2 (a + bz + cx2) dr =

V(- 5) s (~5) i (045) o ()
16¢

[In] integrate(cosh(c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] -1/16%(sqrt(2)*sqrt(pi)*sqrt(-c)*(cosh(-1/2*%(b~2 - 4*axc)/c) + sinh(-1/2*(b
=2 - 4xaxc)/c))*xerf (1/2*sqrt(2)*(2xc*x + b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi)*
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sqrt(c)*(cosh(-1/2%(b"2 - 4*axc)/c) - sinh(-1/2%(b"2 - 4xax*c)/c))*erf(1/2xs
qrt (2)*(2*c*x + b)/sqrt(c)) - 8*c*x)/c

Sympy [F]

/cosh2 (a+ bz +cz?) do = /cosh2 (a+ bz + cz?) d

[In] integrate(cosh(c*xx**2+bxx+a)**2,x)

[Out] Integral(cosh(a + b*x + ckx**2)**x2, x)

Maxima [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.87

VayFeat (Vay—er - p2) e t)

2 2 _
/cosh (a+bz+cz?) do = e
V2\/7 erf (\/ﬁ\/&c + ;(3%) e<_2a+%) 1

[In] integrate(cosh(c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] 1/16*sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(-c)*x - 1/2*sqrt(2)*b/sqrt(-c))*e” (2
*a - 1/2%b"2/c)/sqrt(-c) + 1/16*sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(c)*x + 1/
2xsqrt (2) *b/sqrt(c))*xe~(-2*a + 1/2%b"2/c)/sqrt(c) + 1/2*x

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.85

V2ymert (—1v2c(2z + 2)) o(F5)
2 2 _ 5 .
/COSh (a+ bz + cz?) do = 1672
b2—4ac>

 Viymet (-1 v2v=e(2 + 1)) el N
16 v—c

X

DN =

[In] integrate(cosh(c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] -1/16*sqrt(2)*sqrt(pi)*erf (-1/2*sqrt(2)*sqrt(c)*(2*x + b/c))*e~(1/2*(b"2 -
4xaxc)/c)/sqrt(c) - 1/16*sqrt(2)*sqrt(pi)*erf(-1/2xsqrt(2)*sqrt(-c)*(2xx +
b/c))*e”(-1/2%(b~2 - 4*axc)/c)/sqrt(-c) + 1/2x*x
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Mupad [F(-1)]
Timed out.

/cosh2 (a+ bz + cz?) dx:/cosh(cx2+bx+a)2dx

[In] int(cosh(a + b*x + c*x~2)"2,x)

[Out] int(cosh(a + b*x + c*x"2)"2, x)
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Optimal result

RUDL [N/A] © © o oot e e e e e

Mathematica [N/A]

Maple [N/A] (verified)
Fricas [N/A] . . . . o
Sympy [N/A] . .

Maxima [N/A]

Giac [N/A] .« . o
Mupad [N/A] . . . .

Optimal result

Integrand size = 17, antiderivative size = 17

cosh? (a+b:1:+c:1:2) do

dz =

/ cosh? (a + bz + c2?)

[Out] 1/2*%1n(x)+1/2*Unintegrable(cosh(2*c*x~2+2*b*x+2%a)/x,x)

Rubi [N/A]
Not integrable

X

log(x)

2

2 x

1 h (2 2 2cx?
_Int(cos (2a + 2bz + 2cx?)

)
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Time = 0.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number
number of rules _ 0.000, Rules used = {}

of steps used = 0, number of rules used = 0,

[In] Int[Cosh[a + b*x + c*x~2]~2/x,x]
[Out] Logl[x]/2 + Defer[Int] [Cosh[2*a + 2*b*x + 2*c*x~2]/x, x]/2

Rubi steps

/

cosh? (a + bz + cz?)

X

' / < 1
integral = — +
2z

log(z)

2

1

2

integrand size

cosh? (a + bz + cz?)

dx=/
T

cosh (2a + 2bx + 2cz?)

/

o ) dz

cosh (2a + 2bx + 2cz?)

T

dz

dz
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Mathematica [N/A]

Not integrable
Time = 4.72 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

2 2 2 2
/cosh (a-l;b:c+cx)dm=/cosh (a-l;bx+cx)dx

[In] Integrate[Cosh[a + b*x + c*x~2]"2/x,x]
[Out] Integrate[Cosh[a + b*x + c*x72]72/x, x]

Maple [N/A] (verified)

Not integrable
Time = 0.05 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

h (ca?® + bz + a)’
/cos (cm;— T + a) i

[In] int(cosh(c*xx~2+b*x+a) ~2/x,x)

[Out] int(cosh(c*x~2+b*x+a) "2/x,x)

Fricas [N/A]

Not integrable
Time = 0.28 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

2 2 2 2
/cosh (a-l;bx+c:v)dx=/cosh(cx ;—bx-l—a) s

[In] integrate(cosh(c*x”~2+b*x+a)~2/x,x, algorithm="fricas")

[Out] integral(cosh(c*x~2 + b*x + a)~2/x, x)

Sympy [N/A]

Not integrable
Time = 0.84 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.88

h2 2 h2 2
/cos (a—;bx—i—c:c)dm:/cos (a-l;bx+cm)d$

[In] integrate(cosh(ckx**2+bxx+a)**2/x,x)

[Out] Integral(cosh(a + b*x + ckx**2)**2/x, X)
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Maxima [N/A]

Not integrable
Time = 0.35 (sec) , antiderivative size = 51, normalized size of antiderivative = 3.00

2 2 2 2
/cosh (a—;bx—i—cz)dx:/cosh(cx ;—bx-l—a) i

[In] integrate(cosh(c*x~2+b*x+a)~2/x,x, algorithm="maxima")
[Out] 1/4xintegrate(e”(2*c*x~2 + 2*b*x + 2%a)/x, x) + 1/4xintegrate(e”(-2%c*x~2 -
2¥bxx - 2%a)/x, x) + 1/2xlog(x)

Giac [N/A]

Not integrable
Time = 0.28 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

2 2 2 2
/cosh (a—;bx+cz)dx=/cosh(cac ;—bx-l—a) i

[In] integrate(cosh(c*x~2+b*x+a) 2/x,x, algorithm="giac")

[Out] integrate(cosh(c*x~2 + b*x + a)~2/x, x)

Mupad [N/A]

Not integrable
Time = 1.57 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

2 2 2 2
/cosh (a-l;bx-i—cx )dmz/cosh(cx :bx+a) s

[In] int(cosh(a + b*x + c*x"2)"2/x,x%)

[Out] int(cosh(a + b*x + c*x~2)"2/x, x)
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3.20 [ x?cosh® (a + bz — cx?) dx

Optimal result . . . . . . . . . . e 127
Rubi [A] (verified) . . . . . . . . 127
Mathematica [A] (verified) . . . . . . . .. ... L o 130
Maple [A] (verified) . . . . . . . .. 130
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........ 130
Sympy [F] . . o 131
Maxima [A] (verification not implemented) . . . . . . . ... ... ... L. 131
Giac [A] (verification not implemented) . . . . . . . .. ... ... 1321
Mupad [F(-1)] . . . oo 132

Optimal result

Integrand size = 18, antiderivative size = 268

2
petheFert(br) e gerd ()

3
/3v2cosh2 (a-l—ba:—cz2) dw=%— -

32c5/2 32¢3/2
2 —2a— \/_erﬁ<b 2cw> \/_erﬁ<b 2cz>
B 32¢5/2 + 32¢3/2
_ bsinh (2a + 2bz — 2cz?) _ zsinh (2a 4 2bz — 2cz?)
16¢2 8¢

[Out] 1/6%x"3-1/16*b*sinh(-2*c*x~2+2xbxx+2%*a)/c~2-1/8*x*sinh(-2*c*x~2+2*b*x+2%a)/
c-1/64%b~2xexp (2*a+1/2xb~2/c) *erf (1/2% (-2*c*x+b) *27(1/2) /c~(1/2) ) %2~ (1/2) *P
i~(1/2)/c~(5/2)-1/64*exp(2*xa+1/2*%b~2/c) *erf (1/2% (-2xcxx+b)*2~(1/2) /c~(1/2))
*2~(1/2)*Pi~(1/2) /c~(3/2)-1/64*b~2xexp(-2*a-1/2*b~2/c) xerfi (1/2* (-2*%c*x+b) *
27(1/2)/c~(1/2))*2~(1/2)*Pi~(1/2) /c~(5/2) +1/64*exp(-2*a-1/2xb~2/c) *erfi(1/2
*(-2%cxx+b) *27(1/2) /¢~ (1/2))*27(1/2)*Pi~ (1/2) /c™(3/2)

Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 268, normalized size of antiderivative = 1.00,
number of steps used = 14, number of rules used = 8, number of rules _ 444, Rules used

integrand size
= {5503, 5495, 5491, 5483, 2266, 2236, 2235, 5482}

. , V3 62“+2cerf<f[2\75> \/§b262“+gerf<l:7§2\%)
/x cosh? (a + br — cz?) dz = — 22072 — 320572
T, — a—ﬁ b—2cx T - a—ﬁ b—2cx
N \/ge 2 2cerﬁ<f2—ﬁ) - \/nge 20— erfi \/iﬁ)
32¢3/2 32¢5/2

bsinh (2a + 2bx — 2cx?) xzsinh (2a + 2bx — 2cz?) 2P
— — + J—
16¢2 8c 6
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[In] Int[x"2*Cosh[a + b*x - c*x~2]72,x]

[Out] x73/6 - (b"2+#E~(2*a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b - 2*c*x)/(Sqrt[2]*Sqrt[c
1)1)/(32%c~(5/2)) - (E~(2*a + b~2/(2%c))*Sqrt [Pi/2]*Erf[(b - 2*c*x)/(Sqrt[2
1*Sqrt[c])])/(32xc~(3/2)) - (b"2*E~(-2*a - b~2/(2xc))*Sqrt [Pi/2]*Erfi[(b -
2xcxx)/(Sqrt [2]*Sqrt[c])]1)/(32xc~(56/2)) + (E~(-2*a - b~2/(2xc))*Sqrt [Pi/2]*
Erfi[(b - 2xcxx)/(Sqrt[2]*Sqrtlc])])/(32xc~(3/2)) - (b*Sinh[2*a + 2xbxx - 2
*xc*x72])/(16%c™2) - (x*Sinh[2*a + 2%bxx - 2*xc*x~2])/(8%c)

Rule 2235

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[bxLog[F], 2]11/(2*d*Rt[b*Log[F], 21)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*Log[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2xc*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5482

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]1*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[ex(Sinh[a + b*x + c*x72]/(2*c)), x] - Dist[(b*e - 2*c*d)/(2*c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xc*xd, 0]

Rule 5495

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_))"(m_), x_Sy
mbol] :> Simp[ex(d + exx)~(m - 1)*(Sinh[a + b*x + c*x72]/(2%c)), x] + (-Dis
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t[(bxe - 2xcxd)/(2*c), Int[(d + e*x)"(m - 1)*Cosh[a + b*x + c*x~2], x], x]
- Dist[e™2*%((m - 1)/(2%c)), Int[(d + e*x)~(m - 2)*Sinh[a + b*x + c*x~2], x]
, x]1) /; FreeQ[{a, b, c, d, e}, x] & GtQ[m, 1] && NeQ[bxe - 2xc*d, 0]

Rule 5503
Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2] (@ )*((d_.) + (e_.)*(x_))"(m_.)

, Xx_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x”2]"n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rubi steps

S |
integral = / (% + 53:2 cosh (2a + 2bz — 20.152)) dz
1

3
= % +5 /x2 cosh (2a + 2bz — 2cz?) dz
3  zsinh (2a + 2bz — 2cz®) [ sinh (2a + 2bz — 2cz?) dz
=2 _ +
6 8c 8c
b [ z cosh (2a + 2bx — 2cz?) dz
+
4c
_ #*®  bsinh(2a 4 2bx — 2cz?)  xsinh (2a + 2bz — 2cz?)
G 16¢2 8¢
N b? [ cosh (2a + 2bz — 2cz?) dz N [ e2at2be=2ea® gy [ gm0l gy
8c? 16¢ 16¢
_ 2®  bsinh(2a 4 2bz — 2ca®)  wsinh (2a + 2bx — 2cz?) N b? [ e2etbr—2e® gy
G 16¢2 8¢ 16¢2
b2 fe—2a—2bz+20m2 dx e 2a—— fe( 2bzc4°z) 62114—%2c 16—% dz
+ - =
16¢2 16¢ 16¢
a b2 [ b—2cz — a_f
:x_3_ ¢’ +2C\/gerf<\/§\/a) N ’ \/_erﬁ(f\[) _ bsinh (2a + 2bz — 2c2?)
6 32¢3/2 32¢3/2 16¢?
—2a— (=2b+4cx)? " b2 (2b—4cz)? 4cw)
.’L'Sil'lh (2(1 _|_ 2bCL‘ _ 201.2) N (b2 2 2c> f e 8c d:l}+ <b262 +2c> f e d$
8¢ 16¢2 16¢2
g3 bt \/—erf<b 2cw> 20+l ﬁerf(%%) b2e—2a— \/_erﬁ (b 2c:c>
"6 326572 B 3253/ 3205/?
- a—ﬁ T b—2cx
4 o ﬁerﬁ(\@\/&) bsinh (2a + 2bz — 2cz?)  xsinh (2a + 2bz — 2cz?)

32¢3/2 B 16¢2 8¢
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Mathematica [A] (verified)

Time = 0.51 (sec) , antiderivative size = 181, normalized size of antiderivative = 0.68

/ z? cosh’ (a + bz — cz?) dz

3(b? —¢) \/ﬁerﬁ<_\%’—2ﬁ> (cosh (2a + ;’—i) — sinh <2a + %)) +3(b* +¢) \/ﬁerf(%j%ﬂ (cosh (Za + %
- 192¢5/2

[In] Integrate[x~2*Cosh[a + b*x - c*x~2]72,x]

[Out] (3*(b~2 - c)*Sqrt[2*#Pi]*Erfi[(-b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*a + b~
2/(2*%c)] - Sinh[2*a + b~2/(2%c)]) + 3*x(b~2 + c)*Sqrt[2+Pi]*Erf[(-b + 2%c*x)
/(Sqrt [2]1*Sqrt [c])]*(Cosh[2*a + b~2/(2*c)] + Sinh[2*a + b~2/(2%c)]) + 4xSqr
t[c]*(8%c™2*x~3 - 3*%(b + 2xcxx)*Sinh[2x(a + x*(b - c*x))]1))/(192%c~(5/2))

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 273, normalized size of antiderivative = 1.02

method | result

_ dac+b? _ 4act+b?
: x3 ze2ew —2bv—2a pe2ca?—2bz—2a byme T2 erf( V—2cat ch) Ve R erf(u —2cw+\/%26> €
risch 4+ 5 — —
6 16¢ 32¢ 32c2v/—2c 32¢v/—2¢

[In] int(x"2*cosh(-c*x~2+b*x+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/6%x~3+1/16/c*x*exp(2*xc*x~2-2%b*x-2%a)+1/32%b/c”~2%exp (2*c*x~2-2*b*x-2%a)+1
/32%b~2/c”2%Pi~ (1/2) *exp (-1/2% (4*a*c+b~2) /c) / (-2*%c) ~(1/2) *erf ((-2xc) ~(1/2) *
x+b/(-2%c)~(1/2))-1/32/c*Pi~ (1/2) xexp (-1/2* (4*xa*xc+b~2) /c) / (-2%c) ~(1/2) *xerf (
(-2*%c) " (1/2) *x+b/ (-2*%c) ~(1/2) )-1/16/cxx*exp (—2*c*x~2+2xbxx+2%a) -1/32%b/c~ 2%
exp (—2xc*xx"2+2xbxx+2%a)-1/64*b~2/c” (5/2) *Pi~(1/2) *exp (1/2* (4*a*xc+b~2) /c) *2~
(1/2)xerf (-27(1/2) *c~ (1/2) *x+1/2xbx2~(1/2) /c~(1/2))-1/64/c~(3/2)*Pi~ (1/2) *xe
xp(1/2x% (dxa*xc+b~2) /c)*2~ (1/2) xerf (-2~ (1/2) *c~ (1/2) *x+1/2xb*2~(1/2) /c~(1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 843 vs. 2(218) = 436.

Time = 0.27 (sec) , antiderivative size = 843, normalized size of antiderivative = 3.15

/ z? cosh’ (a + bz — cz?) dz

32c3z® cosh (cz? — bz — a)” + 6 (2 2z + be) cosh (cz? — bz — a)* + 24 (2 Az + be) cosh (cx® — bx — a) sink
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[In] integrate(x~2*cosh(-c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] 1/192%(32*c~3*x"3*cosh(c*x"2 — b*x — a)”2 + 6*x(2*xc”2*x + b*c)*cosh(c*xx"2 -
b*x - a)~4 + 24*%(2%c”2*x + b*c)*cosh(c*x™2 - b*x - a)*sinh(c*x"2 - b*x - a)
“3 + 6%(2%c”2%x + b*c)*sinh(c*x"2 - b*x - a)~4 - 3*sqrt(2)*sqrt(pi)*((b~2 -
c)*cosh(c*x™2 - b*x - a) 2*xcosh(1/2*x(b"2 + 4*axc)/c) - (b"2 - c)*cosh(c*xx™
2 - b*x - a)"2xsinh(1/2*%(b"2 + 4*ax*xc)/c) + ((b™2 - c)*cosh(1/2%(b"2 + 4x*axc
)/c) - (72 - c)*sinh(1/2*x(b"2 + 4xaxc)/c))*sinh(c*x"2 - bxx - a)~2 + 2x((b
2 - c)*cosh(c*x”2 - b*x - a)*cosh(1/2x(b”"2 + 4x*axc)/c) - (b™2 - c)*cosh(cx*
X"2 - b*x - a)*sinh(1/2x(b"2 + 4x*a*c)/c))*sinh(c*x"2 - b*x - a))*sqrt(-c)*e
rf (1/2*sqrt (2)*(2*%c*x - b)*sqrt(-c)/c) + 3*sqrt(2)*sqrt(pi)*((b~2 + c)*cosh
(c*x™2 - b*x - a) 2*cosh(1/2*(b"2 + 4*xaxc)/c) + (b"2 + c)*cosh(c*x™2 - b*x
- a)~2xsinh(1/2*(b"2 + 4*axc)/c) + ((b™2 + c)*cosh(1/2x(b"2 + 4xaxc)/c) + (
b"2 + c)*sinh(1/2%(b~2 + 4*a*c)/c))*sinh(c*x”2 - b*x - a)~2 + 2%x((b™2 + c)*
cosh(c*x™2 - bxx - a)*cosh(1/2*(b"2 + 4xax*xc)/c) + (b™2 + c)*cosh(c*x™2 - bx*
x - a)*sinh(1/2%(b~2 + 4x*a*c)/c))*sinh(c*x”"2 - b*x - a))*sqrt(c)*erf(1/2*sq
rt(2)*(2%c*x - b)/sqrt(c)) - 12%c™2*x + 4*(8xc™3*x"3 + 9*(2*c™2*x + b*c)*co
sh(c*x™2 - b*x - a)”2)*sinh(c*x"2 - b*x — a)~2 - 6xbkc + 8% (8*c”~3*x"3*cosh(
c*xx"2 - b*x - a) + 3*%(2*%c”2*x + b*c)*cosh(c*x™2 - b*x - a)~3)*sinh(c*x~2 -
b*x - a))/(c"3*cosh(c*x"2 - b*x - a)~2 + 2*c~3*cosh(c*x"2 - b*x - a)*sinh(c
*x72 - b*x - a) + c"3*sinh(c*x"2 - b*x - a)~2)

Sympy [F]
/x2 cosh® (a + bz — cz?) dz = /x2 cosh’® (a + bz — cz?) dz

[In] integrate(x**2*cosh(-c*x**2+bxx+a)**2,x)

[Out] Integral(x**2*cosh(a + b*x — c*x**2)**x2, Xx)

Maxima [A] (verification not implemented)

none

Time = 0.29 (sec) , antiderivative size = 322, normalized size of antiderivative = 1.20
1

/w2 cosh? (a+bz— cz?) dz = 6 r?

2 cx—b)2 _(2 c:v—b)2 2cx—b 2
V(2 cz—b)b? (erf(ﬁ\/%)—l) B 2\/§bce< T) _ 2(2095_1;)31“(%,%) 6(20,4_;%)
2ee=b)? 1§ (—o)3 2co—b)2\3, 3
(=0 (Eeeto)? (-0
64+/—c
b 1,/ e=)?) _ <<2cw—b>2) (3 (e-b)?
V(2 cz—b)b (erf(\/; -~ ) 1) 4 2 V3be I B 2(2cz-b)°T| 3, 52 e<_2a_£>

2 5 3 3
\/—7(2(:171)) c2 c2 (_ (2 cz—b)2> 20%
c

64./c

V2

V2
_|_
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[In] integrate(x~2*cosh(-c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] 1/6%x"3 - 1/64*sqrt(2)*(sqrt(pi)*(2*cxx - b)*b~2*(erf (sqrt(1/2)*sqrt ((2xc*x
- b)"2/c)) - 1)/(sqrt((2*c*x - b)~2/c)*(-c)~(5/2)) - 2xsqrt(2)*bxcxe”(-1/2
x(2xc*x - b)"2/c)/(-c)~(5/2) - 2*(2%c*x - b) " 3*xgamma(3/2, 1/2%(2*c*x - b)~2
/c)/(((2%cxx - 1)~2/c)”(3/2)*(-c)~(6/2)))*e~(2%a + 1/2%b"2/c)/sqrt(-c) + 1/
64*sqrt (2) *(sqrt (pi) *(2*cxx - b)*b~2*(erf (sqrt(1/2) *sqrt (-(2*c*xx - b)~2/c))

- 1)/(sqrt(-(2*c*x - b)~2/c)*c~(5/2)) + 2*sqrt(2)*b*e”(1/2*%(2*c*x - b)~2/c
)/c”(3/2) - 2%(2%c*x - b) " 3*gamma(3/2, -1/2x(2xcxx - b)~2/c)/((-(2*c*x - b)
~2/c)~(3/2)*c~(5/2)))*e~(-2%a - 1/2xb~2/c)/sqrt(c)

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 186, normalized size of antiderivative = 0.69

/ 22 cosh? (a + bz — ch) dx

b2+4 ac)

- V2/7 (b +c) erf(—éx/\?;xf(h—ﬁ))e( Te +2(c(20— 1) +2b) (-2 +2b2420)

67 64 2

V27 (b?—c) erf(_l \/iﬁ(zm_gne(—%*‘%’) 2
= —2(c(2z — b) 4 2b)e2ea®~2ba-20)

64 c2

[In] integrate(x~2*cosh(-c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/6*x"3 - 1/64*(sqrt(2)*sqrt(pi)* ("2 + c)*erf(-1/2*sqrt(2)*sqrt(c)*(2*x -
b/c))*e”(1/2x(b"2 + 4xaxc)/c)/sqrt(c) + 2x(cx(2*x - b/c) + 2xb)*e” (-2xc*x"2

+ 2xb*x + 2*a))/c”2 - 1/64*(sqrt(2)*sqrt(pi)*(b~2 - c)*erf(-1/2*sqrt(2)*sq
rt(-c)*(2xx - b/c))*e”~(-1/2x(b~2 + 4*axc)/c)/sqrt(-c) - 2x(cx(2*x - b/c) +

2*xb) xe~ (2*c*x~2 - 2*b*x - 2%a))/c"2

Mupad [F(-1)]

Timed out.

/x2003h2 (a+ bz —cz?) do = /xzcosh(—ca:2+bx+a)2da:

[In] int(x"2*cosh(a + b*x - c*x"2)"2,x)

[Out] int(x"2%cosh(a + b*x - c*x~2)~2, x)
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3.21 [ x cosh? (a + bx — cz?) dz

Optimal result . . . . . . . . . . . e 133
Rubi [A] (verified) . . . . . . . . 133l
Mathematica [A] (verified) . . . . . . . . . . . .. 135
Maple [A] (verified) . . . . . . ... 135
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........
Sympy [F] . . o 136
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 137
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 137
Mupad [F(-1)] . . . . 138

Optimal result

Integrand size = 16, antiderivative size = 136

2 — o2 = — — :
/wcosh (a+bx —cz?) dz 1 165372
_oa_ Y rE b—2cz
R erfi 27222 ) _sinh (20 + 2bx — 2c2?)
16¢3/2 8¢

[Out] 1/4%x~2-1/8%sinh(-2*c*x~2+2xb*x+2%a)/c-1/32*b*exp(2*a+1/2*b~2/c)*erf (1/2* (-
2xcxx+b)*27(1/2) /c~(1/2))*2~(1/2)*Pi~(1/2) /c~(3/2)-1/32*bxexp (-2*a-1/2*b~2/
c)*xerfi(1/2%(-2xc*x+b)*27(1/2) /c”(1/2))*2~(1/2)*Pi~(1/2) /c~(3/2)

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.00,

6. umber of rules _ 375,

' integrand size Rules used

number of steps used = 8, number of rules used =
= {5503, 5491, 5483, 2266, 2236, 2235}

\/_beQ“Jr%erf(f[ij) /Zbe 2" 2cerﬁ<b 2cz)

/accosh2 (a + bx — cxz) dxr =

16¢3/2 16¢3/2
sinh (2a + 2bz — 2cz?)  z?
— + J—
8c 4

[In] Int[x*Cosh[a + b*x - c*x~2]"2,x]

[Out] x72/4 - (b*E~(2*a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b - 2%c*x)/(Sqrt[2]*Sqrt[c])
1)/(16%c~(3/2)) - (b*xE~(-2*%a - b~2/(2xc))*Sqrt [Pi/2]*Erfi[(b - 2*c*x)/(Sqrt
[2]*Sqrt[c])])/(16%xc~(3/2)) - Sinh[2*a + 2%b*x - 2xc*x~2]/(8*c)

Rule 2235



134

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil(c + d*x)*Rt[bxLog[F], 2]11/(2*d*Rt[b*Log[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pi]*(Erf[(c + d*x)*Rt[(-b)*Log[F], 2]1]1/(2*d*Rt[(-b)*LoglF], 2]1)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x) + (c_.)*(x)~21%((d_.) + (e_.)*(x_)), x_Symboll

:> Simp[ex(Sinh[a + b*x + c*x~2]/(2*c)), x] - Dist[(b*e - 2xc*d)/(2*c), In
t[Cosh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*xe - 2
*c*xd, 0]

Rule 5503

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_)*((d_.) + (e_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x~2]"n, x
1, x1 /; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[n, 1]

Rubi steps

1
integral = / (g + 52 cosh (2a + 2bz — 2cx2)) dz
2 1 N
=73 z cosh (2a + 2bz — 2cz?) dz
_z®  sinh(2a + 2bz — 2ca?) N b [ cosh (2a + 2bz — 2cz?) dz
4 8¢ 4c

z2 sinh (2a + 2bx — 20172) b f 62a+2bz—2cw2 dx b f e—2a—2bx+2cx2 dz
—_ — + +
4 8c &c 8¢
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- CX 2 —dex 2
# ooty () P e (W) [
4 8¢ 8c 3¢
a b—2cx —2a— b—2cx
_ ;(;2 be2at5e \/—erf< 2 ) 2 \/’el‘ﬁ( 2 C) sinh (2 + 2bz — 2cx2)
I 16c%/2 166372 8¢

Mathematica [A] (verified)

Time = 0.27 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.18

/accosh2 (a+ bz —cz?) do

b\/%erﬁ( b"'z“) (cosh <2a + g—i) — sinh (Qa + g—i)) + b\/ﬂerf( b+2“> <cosh <2a + g—i) + sinh <2a 4
32¢3/2

[In] Integrate[x*Cosh[a + b*x - c*x~2]72,x]

[Out] (b*Sqrt[2*Pil*Erfil[(-b + 2*c*x)/(Sqrt[2]*Sqrt[c])I*(Cosh[2*a + b~2/(2*c)] -
Sinh[2*a + b~2/(2%c)]) + b*Sqrt[2*Pi]*Erf[(-b + 2x*c*x)/(Sqrt[2]*Sqrt[c])]*

(Cosh[2*a + b~2/(2*%c)] + Sinh[2%a + b~2/(2*%c)]) + 4xSqrt[c]*(2*c*x~2 - Sinh

[2x(a + x*(b - c*x))]))/(32%c~(3/2))

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.01

method | result S
_ 4ac+b2
isch 22 | e2ca?—2bc—2a by/me” 2 erf(v —20-’174'\/%2,:) e—2cw2+2bz+2a b\fe fegtts \[ erf( ﬁﬁz+%) 1
risc Tt e T 16¢v/—2¢ - 16c 3203

[In] int(x*cosh(-c*x~2+b*x+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/4*x"2+1/16/c*exp(2*c*x~2-2xb*xx-2%a)+1/16xb/cxPi~(1/2)*exp(-1/2* (4*a*c+b~2
)/c)/ (=2xc)~(1/2) *erf ((-2%c) ~(1/2) *x+b/ (-2%c) ~(1/2) )-1/16/cxexp (-2*c*x~2+2%
b*x+2%a)-1/32%b/c” (3/2) *Pi~(1/2) *exp(1/2* (4*a*xc+b~2) /c)*2~ (1/2) xerf (-2~ (1/2

)k (1/2) *x+1/2%b*27(1/2) /c~(1/2))
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 729 vs. 2(110) = 220.

Time = 0.28 (sec) , antiderivative size = 729, normalized size of antiderivative = 5.36

/accosh2 (a+ bz —cz?) do

8 2z? cosh (cz? — bz — a)’ + 2 ccosh (ca? — bz — a)* + 8 ccosh (cz? — bz — a) sinh (cz® — bz — a)’ + 2csi

[In] integrate(x*cosh(-c*x~2+b*x+a)”~2,x, algorithm="fricas")

[Out] 1/32*%(8*c™2*x"2*cosh(c*x"2 — b*x - a)~2 + 2*cxcosh(c*x™2 - b*x - a)~4 + 8*c
*cosh(c*x™2 - b*x - a)*sinh(c*x™2 - b*x - a)~3 + 2*c*sinh(c*x™2 - b*x - a)~
4 - sqrt(2)*sqrt(pi)*(bxcosh(c*x™2 - b*x - a)~2xcosh(1/2*(b~2 + 4*axc)/c) -
b*cosh(c*x"2 - b*x - a) " 2*sinh(1/2*(b"2 + 4*axc)/c) + (b*cosh(1/2*x(b"2 + 4
*axc)/c) - bxsinh(1/2%(b~2 + 4*a*c)/c))*sinh(c*x”2 - b*x - a)~2 + 2*(b*cosh
(c*x”2 - b*x — a)*cosh(1/2*x(b"2 + 4xaxc)/c) - bxcosh(c*x™2 - b*x - a)*sinh(
1/2%(b~2 + 4*axc)/c))*sinh(c*x"2 - b*x - a))*sqrt(-c)*erf (1/2*sqrt(2)*(2*c*
x - b)*sqrt(-c)/c) + sqrt(2)*sqrt(pi)*(b*cosh(c*x"2 - b*x - a) 2xcosh(1/2x(
b~2 + 4xaxc)/c) + b*cosh(c*x™2 - bxx - a) 2*sinh(1/2*%(b~2 + 4x*a*c)/c) + (bx*
cosh(1/2%(b~2 + 4x*a*c)/c) + b*sinh(1/2*x(b"2 + 4x*axc)/c))*sinh(c*x"2 - b*x -
a)~2 + 2*x(b*cosh(c*x™2 - bxx — a)*cosh(1/2*(b"2 + 4*a*c)/c) + bxcosh(c*x~2
- bxx - a)*sinh(1/2%(b~2 + 4*axc)/c))*sinh(c*x"2 - b*x - a))*sqrt(c)*erf(l
/2%sqrt (2) *(2xcxx - b)/sqrt(c)) + 4x(2%c™2xx"2 + 3*cxcosh(c*x™2 - b*x - a)~
2)*sinh(c*x™2 - b*x - a)”2 + 8%(2xc 2*xx"2*cosh(c*x”2 - b*x - a) + cxcosh(c*
X"2 - bxx - a)”3)*sinh(c*x”2 - b*x - a) - 2*c)/(c"2*cosh(c*x"2 - bxx - a)~2
+ 2%c"2*xcosh(c*x™2 - b*x - a)*sinh(c*x™2 - b*x - a) + c”2*sinh(c*x"2 - b*x
- a)~2)

Sympy [F]
/:z:cosh2 (a+ bz —cz?) do = /x cosh® (a + bz — cz?) dz

[In] integrate(x*cosh(-c*x**2+b*x+a)**2,x)

[Out] Integral(x*cosh(a + b*x — cxx**2)*x2, x)
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Maxima [A] (verification not implemented)

none

Time = 0.29 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.59

/accosh2 (a+ bz —cz?) dx

o e ) () (o
Jeen? o3 (-9)?

T2

=TT 32./—¢

\/ﬁ ﬁ(zcz_b)b(\;f(g\c/mg_l{;(;cj)_l)_|_\/§e<(2\/cfzb)2> e(‘%z-é%)

+ 32/c

[In] integrate(x*cosh(-c*x~2+b*x+a)”~2,x, algorithm="maxima")

[Out] 1/4*x~2 + 1/32*sqrt(2)*(sqrt(pi)*(2*c*x - b)*bx(erf (sqrt(1/2)*sqrt((2*cxx -
b)~2/c)) - 1)/(sqrt((2*c*x - b)~2/c)*(-c)~(3/2)) - sqrt(2)*cxe”(-1/2%(2*cx*
X - b)72/c)/(-c)~(3/2))*e~(2%xa + 1/2%¥b2/c)/sqrt(-c) + 1/32*sqrt(2)*(sqrt(p
i)*(2*c*x - b)*bx(erf(sqrt(1/2)*sqrt(-(2*c*xx - b)~2/c)) - 1)/(sqrt(-(2*c*x
- b)72/c)*c”(3/2)) + sqrt(2)*e~(1/2x(2*cxx - b)~2/c)/sqrt(c))*e”(-2xa - 1/2

*b~2/c) /sqrt(c)

Giac [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.06

b2+4ac
\/iﬁberf(—% ﬁ\ﬁ<2m_%>>e(T) +2 e(—2cw2+2ba:+2a)

2 a2 — 1 2 _ Ve
/xcosh (a+bz c:c)dx—4$ 32¢
1 b (_ﬁ-!;é&)
\/ﬁ\/?rberf(—g \/5\/?(%”_8))8 _ 26(2ca:2—2ba:—2a)
o 32¢c

[In] integrate(x*cosh(-c*x~2+b*x+a)”~2,x, algorithm="giac")

[Out] 1/4*x~2 - 1/32%(sqrt(2)*sqrt(pi)*bxerf (-1/2*sqrt(2)*sqrt(c)*(2*xx - b/c))*e”
(1/2%(b~2 + 4*axc)/c)/sqrt(c) + 2%e”(-2%cxx"2 + 2%bxx + 2*a))/c - 1/32x(sqr

t(2) *sqrt (pi) *bxerf (-1/2*sqrt (2) *sqrt (-c)*(2*x - b/c))*e”(-1/2x (b2 + 4*a*c
)/c)/sqrt(-c) - 2%e~(2xc*x"2 - 2xb*x - 2%a))/c
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Mupad [F(-1)]

Timed out.

/mcosh2 (a+bx—cx2) dr = /wcosh(—cm2—|—bx—|—a)2dx

[In] int(x*cosh(a + b*x - c*x~2)72,x)

[Out] int(x*cosh(a + b*x - c*x~2)"2, x)
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3.22 [ cosh® (a + bz — cx?) dx

Optimal result . . . . . . . . . . . . e e 139
Rubi [A] (verified) . . . . . . . . . 1391
Mathematica [A] (verified) . . . . . . . . ... L 141
Maple [A] (verified) . . . . . . . . . 141
Fricas [A] (verification not implemented) . . . . . . . .. ... ... ... 1411
Sympy [F] . . o o 142
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 1421
Giac [A] (verification not implemented) . . . . . . .. ... .. .. .. L. 142
Mupad [F(-1)] . . . 143

Optimal result

Integrand size = 14, antiderivative size = 110

e2a+§ \/ferf<b—2cm> e—2a—§ \/ferﬁ< b—2cz)
z 2 vave) 2 V2y/c
2 84/c 84/c

[Out] 1/2*x-1/16%exp(2*a+1/2xb~2/c)*erf (1/2x (-2*c*x+b)*2~(1/2)/c~(1/2))*2~(1/2) *P
i~(1/2)/c~(1/2)-1/16*exp(-2*a-1/2%b"2/c) *erfi (1/2*% (-2xc*x+b) *2~(1/2) /c~(1/2
))*27(1/2)*Pi~(1/2)/c~(1/2)

/cosh2 (a+bz —cz?) do =

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 5, Bumber of rules _ 357 Ryjes yged

' integrand size
= {5485, 5483, 2266, 2236, 2235}

T ,2a b2 b—2cx T —2a—ﬁ b—2cx
/COSh2 (a+biL'—C.’E2) dx__\/ge +26€1‘f<\/§ﬁ> B 5€ 2cerﬁ<\/§\/a> +£
- 8v/c 8,/c 2

[In] Int[Cosh[a + b*x - c*x~2]72,x]

[Out] x/2 - (E"(2*%a + b~2/(2xc))*Sqrt [Pi/2]*Erf [(b - 2*c*x)/(Sqrt[2]*Sqrt[cl)])/(
8xSqrt[c]l) - (E~(-2*a - b~2/(2%c))*Sqrt[Pi/2]*Erfi[(b - 2*c*x)/(Sqrt[2]*Sqr
t[c])1)/(8%Sqrt(cl)

Rule 2235

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pi]l*(Erfi[(c + d*x)*Rt[bxLog[F], 2]]1/(2xd*Rt[b*xLogl[F]l, 2])), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]
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Rule 2236

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]1/(2*d*Rt[(-b)*LoglF], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2xc*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b¥x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5485

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTr
igReduce[Cosh[a + b*x + c*x~2]°n, x], x] /; FreeQ[{a, b, c}, x] & IGtQ[n,
1]

Rubi steps

1 1
integral = / (5 + 5 cosh (2a + 2bx — 2cx2)> dr

+

% / cosh (2a + 2bz — 2cz”) dz
1

_i.l/eQa—f-sz—2cz2 dx+1/e—2a—2bm+2cw2 dr

4
1 o, 02 (=2b+4ca)? 1 b2 _ (2b—4cz)?
+ Ze 2a 2¢ e 8c dx + 162a+ 2¢ e 8c d;(;

2 2
s €t [Terf ( f;;%) e 2 % /Terfi (—f;;\%)
2 8./c 8/c

N8 N8 N8
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.31

/ cosh’® (a + bz — cz?) dz

4\/_\/51 + \/_erﬁ< b+2‘””) (cosh (2a + g—i) — sinh <2a + %)) + \/_erf< b+2“> (cosh <2a + %) + sin
8v/2y/c

[In] Integrate[Cosh[a + b*x - c*x~2]72,x]

[Out] (4xSqrt[2]*Sqrtlc]l*x + Sqrt[Pil*Erfi[(-b + 2xc*x)/(Sqrt[2]*Sqrt[c])]*(Coshl[
2%a + b~2/(2*c)] - Sinh[2*a + b"2/(2%c)]) + Sqrt[Pil*Erf[(-b + 2*c*x)/(Sqrt
[21*Sqrt [c]1)I*(Cosh[2*a + b~2/(2*c)] + Sinh[2*a + b~2/(2xc)]))/(8*Sqrt [2]*S
qrt[cl)

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.82

method | result size

4ac+

ac+b?
Jme T 2c erf(\/—2cx+\/%2c) _ \/‘Tre4 5 \/ierf(—\/i\ﬁm—i—g—g)
8v—2¢c 16+/c

risch % + 90

[In] int(cosh(-c*x~2+b*x+a) 2,x,method=_RETURNVERBOSE)

[Out] 1/2*x+1/8%Pi~(1/2)*exp(-1/2*(4*axc+b~2)/c)/(-2*c)~(1/2)*erf ((-2*c)~(1/2)*x+
b/ (-2xc)~(1/2))-1/16%Pi~ (1/2) *exp (1/2* (4*xaxc+b~2) /c)*2~(1/2) /c~ (1/2) xerf (-2
~(1/2)*c™(1/2) *x+1/2%b*2~(1/2) /c~(1/2))

Fricas [A] (verification not implemented)
none

Time = 0.25 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.20

/cosh2 (a + bx — cz2) dr =

_\/5\/7_7\/—_c<cosh (%) — sinh <b2;—‘éac)> erf (m“—b> \/_\/_\/_<cosh (b +4“c> + sinh (
16¢

[In] integrate(cosh(-c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] -1/16%(sqrt(2)*sqrt(pi)*sqrt(-c)*(cosh(1/2*x(b"2 + 4xa*c)/c) - sinh(1/2*(b~2
+ 4xaxc)/c))*erf (1/2xsqrt(2)*(2*cxx - b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi)*sq
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rt(c)*(cosh(1/2%(b~2 + 4*axc)/c) + sinh(1/2x(b"2 + 4x*a*c)/c))*erf(1/2*sqrt(
2)*(2xc*x - b)/sqrt(c)) - 8*c*x)/c

Sympy [F]

/cosh2 (a+ bz —cz?) do = /cosh2 (a+ bz — cz?) dz

[In] integrate(cosh(-c*x**2+b*x+a)**2,x)

[Out] Integral(cosh(a + b*x — ckxx**2)*x2, x)

Maxima [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.87

VayTat (Vaya - 2) elteth)

2 _ 2 _
/cosh (a+ bz —cz?) dx TG
| VAvRa (Vay=e+ 5 2) o(~2e-52) B
16+/—c 9T

[In] integrate(cosh(-c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] 1/16*sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(c)*x - 1/2xsqrt(2)*b/sqrt(c))*e”(2*a
+ 1/2%b"2/c)/sqrt(c) + 1/16*sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(-c)*x + 1/2%
sqrt (2) *b/sqrt(-c))*e~(-2*a - 1/2*%b"2/c)/sqrt(-c) + 1/2*x

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.87

/cosh2 (a+ bz — ca?) dz = _\/iﬁerf (-3 \/51\6/5\255 — &) o (heee)
Vaymerf (—1v2y—=c(2z — b)) o (- 5) 1
B 16v/—c 57

[In] integrate(cosh(-c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] -1/16*sqrt(2)*sqrt(pi)*erf (-1/2*sqrt(2)*sqrt(c)*(2*x - b/c))*e”~(1/2*(b"2
4xaxc)/c)/sqrt(c) - 1/16*sqrt(2)*sqrt(pi)*erf (-1/2*sqrt(2)*sqrt(-c)*(2*x -
b/c))*e~(-1/2%(b~2 + 4xa*xc)/c)/sqrt(-c) + 1/2*x
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Mupad [F(-1)]
Timed out.

/cosh2 (a+ bz — cz?) dx=/cosh(—cx2+bx+a)2da:

[In] int(cosh(a + b*x - c*x"2)"2,x)

[Out] int(cosh(a + b*x - c*x"2)"2, x)
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Optimal result

RUDL [N/A] © © o oot e e e e e

Mathematica [N/A]

Maple [N/A] (verified)
Fricas [N/A] . . . . o
Sympy [N/A] . .

Maxima [N/A]

Giac [N/A] .« . o
Mupad [N/A] . . . .

Optimal result

Integrand size = 18, antiderivative size = 18

cosh? (a+b:1:—cx2) do

dz =

/ cosh? (a + bz — cz?)

[Out] 1/2*%1n(x)+1/2*Unintegrable(cosh(-2*c*x~2+2xb*x+2%a)/x,x)

Rubi [N/A]
Not integrable

X

log(x)

2

2 T

1 h (2 2bx — 2cz?
_Int(cos (2a + 2bx — 2cz?)

)

144

145
145
145
145
146
146
146

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number
number of rules _ 0.000, Rules used = {}

of steps used = 0, number of rules used = 0,

[In] Int[Cosh[a + b*x - c*x~2]~2/x,x]
[Out] Logl[x]/2 + Defer[Int] [Cosh[2*a + 2*b*x - 2*c*x~2]/x, x]/2

Rubi steps

/

cosh? (a + bz — cz?)

X

. / ( 1
integral = — +
2z

_ log(x)
2

1

2

integrand size

cosh? (a + bz — cz?)

dx=/
T

cosh (2a + 2bx — 2cx?)

/

o7 > dx

cosh (2a + 2bx — 2cz?)

T

dz

dz
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Mathematica [N/A]

Not integrable
Time = 5.76 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

2 2 2 2
/cosh (a—;bx cx)dmz/cosh (a—;bx cx)dx

[In] Integrate[Cosh[a + b*x - c*x~2]~2/x,x]
[Out] Integrate[Cosh[a + b*x - c*x72]72/x, x]

Maple [N/A] (verified)

Not integrable
Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

h(—ca? + bz + a)”
/cos ( czx+ T+ a) i

[In] int(cosh(-c*x~2+b*xx+a) ~2/x,x)

[Out] int(cosh(-c*x~2+b*x+a) "2/x,x)

Fricas [N/A]

Not integrable
Time = 0.25 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.22

2 a2 2 2
/cosh (a+ bx cx)dxz/cosh( cx? + bx + a) i

T T

[In] integrate(cosh(-c*x~2+bxx+a)~2/x,x, algorithm="fricas")

[Out] integral(cosh(c*x~2 - b*x - a)~2/x, x)

Sympy [N/A]

Not integrable
Time = 0.87 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

h2 _ 2 h2 _ 2
/cos (a—l;b:c cx)dmz/cos (a—;bx cx)dx

[In] integrate(cosh(-c*x**2+b*x+a)**2/x,x)

[Out] Integral(cosh(a + b*x — ckxx**2)**2/x, X)
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Maxima [N/A]

Not integrable
Time = 0.34 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.83

2 2 2 2
/cosh (a—;bx cx)dxzfcosh( cxx+bx+a) i

[In] integrate(cosh(-c*x~2+b*x+a)~2/x,x, algorithm="maxima")
[Out] 1/4xintegrate(e”(2*%c*x~2 - 2%b*x - 2+%a)/x, x) + 1/4xintegrate(e”(-2*c*x~2 +
2¥bxx + 2%a)/x, x) + 1/2xlog(x)

Giac [N/A]

Not integrable
Time = 0.29 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

2 2 2 2
/cosh (a—;bx cx)dxz/cosh( cwx+bx+a) i

[In] integrate(cosh(-c*x~2+b*x+a)~2/x,x, algorithm="giac")

[Out] integrate(cosh(-c*x~2 + b*x + a)~2/x, x)

Mupad [N/A]

Not integrable
Time = 1.56 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

2 — 2 2 2
/cosh (a—l—xbx cx)dmz/cosh( cx;—bx—l—a) i

[In] int(cosh(a + b*x - c*x"2)"2/x,x%)

[Out] int(cosh(a + b*x - c*x"2)"2/x, x)
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3.24 [ z? cosh? (i +xz+ 562) dx

Optimal result . . . . . . . . . . . e 147
Rubi [A] (verified) . . . . . . . . 147
Mathematica [A] (verified) . . . . . . . . . ... 149
Maple [A] (verified) . . . . . . . . . . 150
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... ..... 150
Sympy [F] . . o 1511
Maxima [C] (verification not implemented) . . . . . . . . ... ... ... . ... 151
Giac [A] (verification not implemented) . . . . . . . ... ... L. 151
Mupad [F(-1)] . . . 152

Optimal result

Integrand size = 15, antiderivative size = 68

1 3 1 1+2 1 1
/m2 cosh? <Z +m+m2> dr = % + E@erf(%) — 1—65inh (5 +2x+2x2)

1 1
+ gx sinh (5 + 22 + 23:2)

[Out] 1/6*%x"3-1/16*sinh(1/2+2*x+2%x"2)+1/8*x*sinh (1/2+2*x+2*%x"2)+1/32%erf (1/2%(1+
2%x) %27 (1/2))*2°(1/2)*Pi~(1/2)

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.00, number
of steps used = 14, number of rules used = 8, Rumber of rules _ 0.533, Rules used = {5503,

' integrand size
5495, 5491, 5483, 2266, 2235, 2236, 5482}

1 1 2 1 31 1
/x2 cosh? (Z +x+ x2) dr = E\/gerf(%) + % + gx sinh (2x2 + 2z + 5)

]. . 2 1
— 1—651nh (2x + 2z + 5)

[In] Int[x"2*Cosh[1/4 + x + x~2]°2,x]

[Out] x73/6 + (Sqrt[Pi/2]*Erf[(1 + 2*x)/Sqrt[2]]1)/16 - Sinh[1/2 + 2xx + 2*x~2]/16
+ (x*Sinh[1/2 + 2*x + 2*x~2])/8

Rule 2235

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]l*(Erfi[(c + d*x)*Rt[bxLog[F], 2]]/(2xd*Rt[b*xLogl[F], 2])), x] /; FreeQ[{
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F, a, b, ¢, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]l*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*Logl[F], 2]1)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2xc*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5482

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x”~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b¥x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[ex(Sinh[a + b*x + c*x72]/(2%c)), x] - Dist[(b*e - 2%c*d)/(2*c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2
xcxd, 0]

Rule 5495

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_ ), x_Sy
mbol] :> Simp[ex(d + e*x)~(m - 1)*(Sinh[a + b*x + c*x~2]/(2*c)), x] + (-Dis
t[(bxe — 2%c*d)/(2*c), Int[(d + e*x)"(m - 1)*Cosh[a + b*x + c*xx~2], x], x]
- Dist[e™2*x((m - 1)/(2*%c)), Int[(d + e*x)"(m - 2)*Sinh[a + b*x + c*x~2], x]
, x1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2*c*d, 0]

Rule 5503

Int[Cosh[(a_.) + (b_.)*(x_) + (c_)*(x_)"2]"(n_)*((d_.) + (e_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x~2]"n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]
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Rubi steps

. B 1 9
integral = 5 + 2% cosh 3 + 2z 4 2z dx

31 1
=%+§/x200sh (§+2m+2x2) dx

3 1 1 1 1 1 1
=%—|—8xsmh( —|—2m+2x) 8/sinh (§—|—2w—|—2x2) dm—zl/xcosh (§+2w

+ 2$2> dz

1
%—l—smh< —|—2x—|—2x)—|— a:smh( —|—2z—|—2x)
+

1 1 1
E/ —1_2g—2g2 dx_1_6/ez+2“+2z dx—l-g/cosh <§+2x+2x2) dx
3

1 1
:%_I_GSinh< +2x+2x)+ :csmh( +2z+2x)+ﬁ/e 8(24””)2d:c

1 2 1
(2+4x) - ———2.1' 222 11254+222
16 / 8 dr + / dr + — 16 / 2 dx

© 1 [r 142z 1 /= 1+ 2z 1 1
="+ /oerf| — =) — ——/zerfi| ——== ) — —~sinh | = + 22 + 22?
6 +32\/ger( 2 ) 32\/;er < NG > 163111 (2-1— x + x)

1 1 1 1
+3® sinh (5 + 2z + 2w2) + 16 / e 5(-2742)” go. 4 1 / 8 (2+42)? g

3 1 1+2 1 1 1
= %—I—E\/gerf(%) —1—651nh (§—|—2x—|—2x2> + 8msmh< +2x—|—2:c)

Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.46

/w2 cosh? (}1 +z+m2> dz

164/ex® + 3(—1 + €)(—1 + 2z) cosh(2z(1 + x)) + 3\/%erf(

14\}?) — 3sinh(2z(1 4 z)) — 3esinh(2z(1 4

96/

[In] Integrate[x~2*Cosh[1/4 + x + x72]72,x]

[Out] (16*Sqrt[E]*x~3 + 3*(-1 + E)*(-1 + 2#x)*Cosh[2*x*(1 + x)] + 3*Sqrt[2+E*Pi]x*
Erf[(1 + 2%x)/Sqrt[2]] - 3*Sinh[2*x*(1 + x)] - 3*ExSinh[2*x*(1 + x)] + 6%xx*
Sinh[2#x*(1 + x)] + 6*Exx*Sinh[2*x*(1 + x)])/(96*Sqrt[E])
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Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.13

method | result size
(1+22)2 (1+22)2 %) (1+22)2 (1+2z)2
sisch B8 g’ N -2 ymvaert(vVaatR) | Oz S e
6 16 32 32 16 32

[In] int(x"2*cosh(1/4+x+x"2)"2,x,method=_RETURNVERBOSE)

[Out] 1/6%x~3-1/16*x*exp(-1/2%(1+2%x)~2)+1/32xexp(-1/2%(1+2%x) ~2)+1/32*Pi~ (1/2) *2
~(1/2)*erf (27 (1/2) *x+1/2*%27 (1/2) ) +1/16%x*exp (1/2% (1+2xx) ~2) -1/32*exp (1/2* (1
+2%x) ~2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 268 vs. 2(52) = 104.

Time = 0.25 (sec) , antiderivative size = 268, normalized size of antiderivative = 3.94

/z2 cosh? (}1 +x+x2) dz

16 23 cosh (a:2+x+}1)2+3(2:c— 1) cosh (:c2+x+}1)4+12(2x— 1) cosh (z2 4+ z + }) sinh (2* + z + §

[In] integrate(x~2*cosh(1/4+x+x"2)"2,x, algorithm="fricas")

[Out] 1/96%(16*x~3*cosh(x™2 + x + 1/4)72 + 3*%(2*%x - 1)*cosh(x™2 + x + 1/4)74 + 12
*(2*%x - 1)*cosh(x”2 + x + 1/4)*sinh(x"2 + x + 1/4)73 + 3*(2*x - 1)*sinh(x"2
+ x + 1/4)74 + 2% (8*x"3 + 9x(2*x - 1)*cosh(x"2 + x + 1/4)72)*sinh(x"2 + x
+ 1/4)°2 + 4% (8*x"3*cosh(x"2 + x + 1/4) + 3*%(2*x - 1)*cosh(x"2 + x + 1/4)"3
)*sinh(x"2 + x + 1/4) + 3*sqrt(pi)*(sqrt(2)*cosh(x”2 + x + 1/4) " 2xerf (1/2%s
qrt(2)*(2*x + 1)) + 2*sqrt(2)*cosh(x"2 + x + 1/4)*erf (1/2xsqrt(2)*(2*x + 1)
)*¥sinh(x"2 + x + 1/4) + sqrt(2)*erf(1/2*sqrt(2)*(2*x + 1))*sinh(x™2 + x + 1
/4)"2) - 6xx + 3)/(cosh(x"2 + x + 1/4)"2 + 2*cosh(x"2 + x + 1/4)*sinh(x"2 +
x + 1/4) + sinh(x"2 + x + 1/4)°2)
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Sympy [F]

1 1
/ﬂc2cosh2 (Z-I-x—l-xz) dﬂc=/9c2cosh2 (x2+w+1) dx

[In] integrate(x**2*cosh(1/4+x+x**2)**2,x)

[Out] Integral(x**2*cosh(x**2 + x + 1/4)**2, x)

Maxima [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.30 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.66

1 1 1
/z2 cosh? (4_1 +z +w2) dx = 6903 + 32 (er% — e%>e(2m2+2w)

20+ 1)T(3,3 (22 +1)) iviee b (o (/1o +17) -1) 2ivEeh
(2z+1)%)? 2z +1)°

1 2 (
——ivol =
64“/_

[In] integrate(x~2xcosh(1/4+x+x"2)"2,x, algorithm="maxima")

[Out] 1/6%x"3 + 1/32%(2xx*xe~(1/2) - e~ (1/2))*e”(2*%x"2 + 2xx) - 1/64xI*sqrt(2)*(-2
*Ix(2xx + 1) 7 3*gamma(3/2, 1/2x(2xx + 1)72)/((2*x + 1)72)~(3/2) + Ixsqrt(pi)
x(2xx + 1)*(erf(sqrt(1/2)*sqrt((2*xx + 1)72)) - 1)/sqrt((2*x + 1)72) + 2*Ix*s

qrt(2)*xe~(-1/2%(2xx + 1)72))

Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.90

1 1 1 1
/37:2(30sh2 (é_l +x—|—x2> do = 6203 + 3 V2/ erf (5 V2(2z + 1))
1 2 1 1 2 1
il _ (2:19 —|—2z+—) . _ (—2z —2z—7)
+ 5 (2z —1)e Y- (2z —1)e 2

[In] integrate(x~2*cosh(1/4+x+x"2)"2,x, algorithm="giac")

[Out] 1/6%x~3 + 1/32*sqrt(2)*sqrt(pi)*erf(1/2*sqrt(2)*(2xx + 1)) + 1/32%(2*x - 1)
*xe” (2%x72 + 2%x + 1/2) - 1/32%(2*%x - 1)*e~(-2%x"2 - 2%x - 1/2)
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Mupad [F(-1)]

Timed out.
2 2 (1 2 2 2 1)
z° cosh Z+x+w dz = xcwh1:+w+1 dz

[In] int(x"2*cosh(x + x"2 + 1/4)°2,x)
[Out] int(x"2*cosh(x + x~2 + 1/4)"2, x)
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3.25 [z cosh? (% +z+ x2) dx

Optimal result . . . . . . . . . . . . e 153
Rubi [A] (verified) . . . . . . . . 153l
Mathematica [A] (verified) . . . . . . . . . . ... 155
Maple [C] (verified) . . . . . . . . . ... 155
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........ 155
Sympy [F] . . o 156
Maxima [C] (verification not implemented) . . . . . . . ... ... ... ... ... . 156
Giac [C] (verification not implemented) . . . . . .. . ... .. oL 157
Mupad [F(-1)] . . . . . 157l

Optimal result

Integrand size = 13, antiderivative size = 75

1 22 1 Ir 142z
h? (| = 2 =— — —,/—erf
/xcos <4+x+x>dx 1 16 2er( \/ﬁ)
1 14+2 1 1
- E@erﬁ(%) + 3 sinh (5 + 2z + 2m2>

[Out] 1/4*x~2+1/8%sinh(1/2+2*xx+2%x"2)-1/32%erf (1/2*(1+2xx)*2~(1/2))*2~(1/2)*Pi~ (1
/2)-1/32%erfi(1/2*(1+2%x)*27(1/2)) %2~ (1/2)*Pi~(1/2)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00, number
of steps used = 8, number of rules used = 6 number of rules _ 0.462, Rules used = {5503,

’ integrand size
5491, 5483, 2266, 2235, 2236}

1 1 /= 2r +1 1 /« 2x+1
h? (= +2?) de=——,/=erf ——\/j fi
/xcos (4+x a:) X 16 2er( \/ﬁ ) 16 2er \/5

| 1
—|—w—+—sinh (2x2+2x+§>

[In] Int[x*Cosh[1/4 + x + x~2]"2,x]

[Out] x72/4 - (Sqrt[Pi/2]*Erf[(1 + 2xx)/Sqrt[2]11)/16 - (Sqrt[Pi/2]1*Erfil[(1 + 2xx)
/8qrt[2]]1)/16 + Sinh[1/2 + 2xx + 2%x~2]/8

Rule 2235

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[b*Log[F], 2]11/(2*d*Rt[b*Log[F], 2])), x] /; FreeQ[{
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F, a, b, ¢, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*Logl[F], 2]1)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2xc*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[ex(Sinh[a + b*x + c*x72]/(2%c)), x] - Dist[(b*e - 2%c*d)/(2%c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*xe - 2
xcxd, 0]

Rule 5503

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_)*((d_.) + (e_.)*(x_)) " (m_.)
, x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x”2]"n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rubi steps
1 1
integral = / z + Zzcosh | = + 2z + 22° dr
2 2 2
z2+1/ cosh 1+2 +222 | d
=—+4+—- [z -+ 2z +2x x
4 2 2
21 1 1 1
= %+§sinh (§+2z+2x2) — Z/cosh <§+2x+2x2) dx
2 1 1 1 1
= % + 3 sinh (5 + 2z + 2x2) ~3 /43‘5—29”_2””2 dxr — 3 /65“””*29”2 dz
2
= xz + ésinh (% + 22+ 2$2) - %/e_é(_2_4z)2 dx — %/eé(”‘m)2 dx



Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.17

/accosh2 (;l +z+ a:2> dx
B 8y/ex? +2(—1+ €) cosh(2z(1 + z)) — \/2e7rerf<%) - \/267rerﬁ<1j;2;> +2(1 4 e) sinh(2z(1 + z))
B 32\/e

[In] Integrate[x*Cosh[1/4 + x + x~2]72,x]

[Out] (8*Sqrt[E]l*x~2 + 2*%(-1 + E)*Cosh[2*x*(1 + x)] - Sqrt[2*ExPil*Erf[(1 + 2xx)/
Sqrt[2]] - Sqrt[2+E+#Pil*Erfi[(1 + 2*x)/Sqrt[2]] + 2%(1 + E)*Sinh[2*x*(1 + x

)1)/(32%Sqrt [E])

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.17 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00

size

, 2 0 rVRef(VEer?) | G427 iyr 2 erf(ivaat YY)
risch T T 16 32 1 T 32 75

method | result

[In] int(x*cosh(1/4+x+x"2)"2,x,method=_RETURNVERBOSE)

[Out] 1/4*x~2-1/16%exp(-1/2%(1+2%x)~2)-1/32%Pi~(1/2)*27(1/2) *erf (27 (1/2) *x+1/2%2~
(1/2))+1/16%exp (1/2* (1+2%x) ~2)+1/32+I*Pi~ (1/2) %27 (1/2) *erf (I*2~(1/2) *x+1/2*

Ix27(1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 306 vs. 2(57) = 114.

Time = 0.27 (sec) , antiderivative size = 306, normalized size of antiderivative = 4.08

/:pcosh2 <le +x+x2> dx
822 cosh (2% + = + ;i)2+2 cosh (22 + z + }1)44—8 cosh (22 + z + 1) sinh (22 + z + z—i)3+2 sinh (22 +
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[In] integrate(x*cosh(1/4+x+x~2)"2,x, algorithm="fricas")

[Out] 1/32%(8*x"2*cosh(x”2 + x + 1/4)72 + 2xcosh(x”2 + x + 1/4)"4 + 8*cosh(x"2 +
x + 1/4)*sinh(x"2 + x + 1/4)73 + 2*%sinh(x"2 + x + 1/4)74 + 4x(2%x"2 + 3*cos
h(x"2 + x + 1/4)72)*sinh(x"2 + x + 1/4)72 + 8%(2xx"2*cosh(x"2 + x + 1/4) +
cosh(x™2 + x + 1/4)73)*sinh(x"2 + x + 1/4) - sqrt(pi)*(sqrt(2)*cosh(x”2 + x
+ 1/4)"2xerf (1/2*sqrt(2)*(2*x + 1)) - sqrt(-2)*cosh(x"2 + x + 1/4) " 2*xerf(1
/2%sqrt (-2)*(2*%x + 1)) + (sqrt(2)*erf(1/2*sqrt(2)*(2*xx + 1)) - sqrt(-2)*erf
(1/2*sqrt(-2)*(2*%x + 1)))*sinh(x"2 + x + 1/4)72 + 2x(sqrt(2)*cosh(x"2 + x +
1/4)xerf (1/2xsqrt(2)*(2*%x + 1)) - sqrt(-2)*cosh(x"2 + x + 1/4)*erf(1/2*sqr
t(-2)*(2%x + 1)))*sinh(x"2 + x + 1/4)) - 2)/(cosh(x"2 + x + 1/4)72 + 2*cosh
(x72 + x + 1/4)*sinh(x"2 + x + 1/4) + sinh(x"2 + x + 1/4)72)

Sympy [F]

1 1
/xaﬂf(z+x+xﬁtm:i/xwm2@?+x+z)m:

[In] integrate(x*cosh(1/4+x+x**2)**2 x)

[Out] Integral(x*cosh(x**2 + x + 1/4)#*%2, x)

Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.32 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.61

/gccosh2 (}l+x+x2) dzx
i1 T2z +1) <erf (\/;/—(2%1)2) —1) R

4 32 —(2z + 1)
1 ivA2e+ 1) (erf (\/;/(2x+1)2> _1> T
32 2z +1)°

[In] integrate(x*cosh(1/4+x+x~2)"2,x, algorithm="maxima")

[Out] 1/4*x72 - 1/32*sqrt(2)*(sqrt(pi)*(2*xx + 1)*(erf(sqrt(1/2)*sqrt(-(2*x + 1)°2
)) - 1)/sqrt(-(2*x + 1)72) - sqrt(2)*xe~(1/2*(2*x + 1)72)) - 1/32*I*sqrt(2)*
(-I*sqrt(pi)*(2*x + 1)*(erf(sqrt(1/2)*sqrt((2*x + 1)72)) - 1)/sqrt((2*x + 1

)72) - Iksqrt(2)*e”(-1/2x(2xx + 1)72))
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Giac [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.28 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.93

/mcosh2 1—|—:1:—|—:L'2 dr=1m2—i\/§\/7_rerf 1\/5(22:4—1)
4 4 32 2
- 3%2 V2+/ exf <—%z V2(2z + 1))

1 1 1
+ 1_6 e(2z2+2z+§) _ E e(—2z2—2m—%)
[In] integrate(x*cosh(1/4+x+x"2)"2,x, algorithm="giac")
[Out] 1/4*x~2 - 1/32*sqrt(2)*sqrt(pi)*erf(1/2*sqrt(2)*(2*x + 1)) - 1/32%Ixsqrt(2)
*xsqrt (pi) *erf (-1/2%I*xsqrt(2)*(2*%x + 1)) + 1/16%xe”(2%x"2 + 2*x + 1/2) - 1/16
*xe” (-2%x"2 - 2%x - 1/2)

Mupad [F(-1)]
Timed out.
2 (1 2 2 1)\
/xcosh Z—I—x—l—z dz':/xcosh T +m+4_l dzx

[In] int(x*cosh(x + x~2 + 1/4)°2,%)
[Out] int(x*cosh(x + x~2 + 1/4)"2, x)
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3.26 | cosh? (l + 4+ xZ) dx

4
Optimal result . . . . . . . . . . . e 158]
Rubi [A] (verified) . . . . . . . . . 158
Mathematica [A] (verified) . . . . . . . . . ... 159
Maple [C] (verified) . . . . . . . . . .. 160
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... .. ..... 160
Sympy [F] . . o o 160
Maxima [C] (verification not implemented) . . . . . . . . ... ... ... . ... 161
Giac [C] (verification not implemented) . . . . . . . . ... .. L L 161
Mupad [F(-1)] . . o o 161]

Optimal result

Integrand size = 11, antiderivative size = 56

1 z 1 /m 1+ 2z 1 |/« 1+ 22
h? (= 2V de ==+ =) —erf| —=— —/=erfi| ——
/cos (4+x—|—x> T 2+8\/ger( NG )+8\/ger< NG >

[Out] 1/2*x+1/16xerf (1/2% (1+2xx)*2~(1/2))*2~(1/2)*Pi~(1/2)+1/16*erfi (1/2%(1+2%x) *
27(1/2))*27(1/2)*Pi~(1/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00, number

of steps used = 7, number of rules used = 5, Bumber of rules _ 0.455, Rules used = {5485,
integrand size

5483, 2266, 2235, 2236}

/005h2 1'|‘ZII-|-.’L‘2 dx—l\/Eerf 2241 —|—1 T erfi 2241 _|_£
[In] Int[Cosh[1/4 + x + x"2]"2,x]

[Out] %/2 + (Sqrt[Pi/21*Erf[(1 + 2%x)/Sqrt[2]11)/8 + (Sqrt[Pi/2]*Erfil(1 + 2#x)/Sq
rt[2]]1)/8

Rule 2235

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]l*(Erfi[(c + d*x)*Rt[bxLog[F], 2]]/(2xd*Rt[b*xLog[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236
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Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*Logl[F], 2]1)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2xc*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5485

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_), x_Symbol] :> Int[ExpandTr
igReduce[Cosh[a + b*x + c*x~2]°n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n,
1]

Rubi steps

1 1 1
integral = / — 4+ Zcosh | = + 2z + 222 dx
2 2 2
1 1
_Z —/cosh — 42z +22% ) dx
2 2
1 1
+ 4_1 /6_;_%_%2 dz + Z / 6%+2m+2m2 dx
i / e 52740’ g 4 }1 / es @40 gy
z 1 |« 142z 1 /= 1+ 2z
= —+ -/ zerf —/ —erfi
2+8\/;er< V2 >+8\/ger ( V2 )

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.86

/cosh2 (i +x+ xz) dz = % (Sx + \/27rerf<1 —\|;§2m> + v2werﬁ(%>)

[In] Integrate[Cosh[1/4 + x + x72]72,x]

[Out] (8*x + Sqrt[2*Pi]*Erf[(1 + 2*x)/Sqrt[2]] + Sqrt[2*xPil*Erfi[(1 + 2#%x)/Sqrt[2
11)/16
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Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.11 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.88

method | result size

TV2 erf (V2z+2 iv/7 V2 erf(iv2z+ 142
|34 AT i) |

[In] int(cosh(1/4+x+x~2)~2,x,method=_RETURNVERBOSE)
[Out] 1/2*x+1/16%Pi~(1/2)*2~(1/2)*erf (27 (1/2)*x+1/2%2~(1/2))-1/16*I*Pi~(1/2)*2~(1
/2)*xerf (I*27(1/2) *xx+1/2%I%x27(1/2))

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.73

/Cosh2 Gl+x+x2> dz
=1_16\/7—r<\/§erf (% \/5(2934-1)) —V—=2erf <% \/—_2(2x+1)>)

+ 1

'

2

[In] integrate(cosh(1/4+x+x"2)"2,x, algorithm="fricas")

[Out] 1/16*sqrt(pi)*(sqrt(2)*erf(1/2*sqrt(2)*(2*xx + 1)) - sqrt(-2)*erf(1/2*sqrt(-
)*x(2xx + 1))) + 1/2*x

Sympy [F]

1
/cosh2 (i-l—x—l—:ﬁ) dacz/cosh2 (zz—l-x—i-Z) dz

[In] integrate(cosh(1/4+x+x**2)**2,x)

[Out] Integral(cosh(x**2 + x + 1/4)**2, x)
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Maxima [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.26 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.80

1 1 1
/COSh2 (Z +x +£L’2) dx = 16 V2/Terf (\/éx + 3 \/§>
1. . 1, 1
— —ivVoymerf [iV2z+ZiV2 ) + 2z
16 2 2
[In] integrate(cosh(1/4+x+x"2)"2,x, algorithm="maxima")

[Out] 1/16*sqrt(2)*sqrt(pi)*erf(sqrt(2)*x + 1/2*sqrt(2)) - 1/16%Ixsqrt(2)*sqrt(pi
)*xerf (Ixsqrt(2)*x + 1/2*I*sqrt(2)) + 1/2*x

Giac [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.27 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.75

1 1
/cosh2 (i +x+x2) dz = 1—6\/5\/7?erf (5 \/5(2x+ 1))
+ %l V2+/merf <—%Z V2(2z + 1)) + %x

[In] integrate(cosh(1/4+x+x"2)"2,x, algorithm="giac")
[Out] 1/16*sqrt(2)*sqrt(pi)*erf(1/2*sqrt(2)*(2*x + 1)) + 1/16%I*sqrt(2)*sqrt(pi)*
erf (-1/2xIxsqrt(2)*(2*x + 1)) + 1/2%x

Mupad [F(-1)]
Timed out.
2 (1 2 2 1)\
/cosh Z+a:+ac dxz/cosh T +x+l—l dx

[In] int(cosh(x + x~2 + 1/4)°2,%)
[Out] int(cosh(x + x~2 + 1/4)"2, x)
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cosh? (1 +:c+:1:2>
3.27 | : dx
T

Optimal result . . . . . . . . . . . . e 162
Rubi [N/A] . . o 162
Mathematica [N/A] . . . . . . . 163
Maple [N/A] (verified) . . . . . . . . . . 163l
Fricas [N/A] . . . . 163l
Sympy [N/A] . . o 163
Maxima [N/A] . . . . o 164
Giac [N/A] . . o 164
Mupad [N/A] . . o o 164

Optimal result

Integrand size = 15, antiderivative size = 15

/ cosh?® (3 +z + z?) s log(z) N L (cosh (2 + 2z + 22?) ,x)

T - 2 2 T

[Out] 1/2*%1n(x)+1/2*Unintegrable(cosh(1/2+2*x+2%x~2)/x,x)

Rubi [N/A]
Not integrable

Time = 0.02 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used = 0, Bumber of rules _ 0.000, Rules used = {}
integrand size

/ cosh’® (3 +z + z?) e — / cosh® (1 + z + 22) s
x x

[In] Int[Cosh[1/4 + x + x~2]"2/%,x]

[Out] Logl[x]/2 + Defer[Int] [Cosh[1/2 + 2xx + 2*x~2]/x, x]/2

Rubi steps

1 cosh (% + 2z + 222
integral = / — + (2 ) dz
2x 2x

_ log() N 1 / cosh (3 + 2z + 2z?) s
2 2 x
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Mathematica [N/A]

Not integrable
Time = 6.50 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

/cosh2 (;11 —|—x—|—x2) s =/cosh2 (i +x+z2) s
x x

[In] Integrate[Cosh[1/4 + x + x~2]72/x,x]
[Out] Integrate[Cosh[1/4 + x + x"2]72/x, x]

Maple [N/A] (verified)

Not integrable
Time = 0.07 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.87

dz

/ cosh (;11 +2x —|—:1c2)2
x

[In] int(cosh(1/4+x+x~2)"2/x,x)
[Out] int(cosh(1/4+x+x"2)"2/x%,x%)

Fricas [N/A]

Not integrable
Time = 0.25 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

T

/COSh2 (3 +z+2?) p /COSh (m2+x+i)2d
T = X

T

[In] integrate(cosh(1/4+x+x"2)"2/x,x, algorithm="fricas")

[Out] integral(cosh(x"2 + x + 1/4)72/x, x)

Sympy [N/A]

Not integrable
Time = 0.77 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.93

T T

/COSh2 (3 +z+2?) p /cosh2 (22 +z+7) p
T = X

[In] integrate(cosh(1/4+x+x**2)**2/x,x)
[Out] Integral(cosh(x**2 + x + 1/4)**2/x, Xx)
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Maxima [N/A]

Not integrable
Time = 0.32 (sec) , antiderivative size = 43, normalized size of antiderivative = 2.87

2
/cosh2 (‘—11;-:84-.%2) dx:/cosh(ﬁ:x—l-i) i

[In] integrate(cosh(1/4+x+x"2)"2/x,x, algorithm="maxima")
[Out] 1/4xintegrate(e”(2*x~2 + 2%x + 1/2)/x, x) + 1/4*xintegrate(e”(-2%x"2 - 2%x -
1/2)/x, x) + 1/2x1log(x)

Giac [N/A]

Not integrable
Time = 0.26 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

2
/cosh2 (;{;—x+x2) dx=/cosh(x2;-x+i) i

[In] integrate(cosh(1/4+x+x~2)"2/x,x, algorithm="giac")

[Out] integrate(cosh(x™2 + x + 1/4)72/x, x)

Mupad [N/A]

Not integrable
Time = 1.56 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

2 (1 2 2 1)2
/cosh (4;—x+x)dx=/cosh(x ;—x+4) i

[In] int(cosh(x + x~2 + 1/4)"2/x,x)
[Out] int(cosh(x + x~2 + 1/4)"2/x, %)
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3.28 [(d + ex)? cosh (a + bz + cx?) dx

Optimal result . . . . . . . . . . . . e 165
Rubi [A] (verified) . . . . . . . . 166
Mathematica [A] (verified) . . . . . . . . . .. 168}
Maple [B] (verified) . . . . . . . . . . 168
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .. ..... 169
Sympy [F] . . o 170
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 1701
Giac [A] (verification not implemented) . . . . . . . .. ... L. Il
Mupad [F(-1)] . . . .o Ival

Optimal result

Integrand size = 19, antiderivative size = 261

eZe “+46\/_erf<b+2c”’)

803/2

(2¢d — be)2e™ " ic \/_ erf ( b+2c’”>
16¢5/2
\/_erﬁ ( bt2cx )
8¢3/2
(2cd — be)%e™ % /7 erﬁ(b+2“>

16¢5/2
e(2cd be) sinh (a + bx + cx?)
4c?
e(d + ex) sinh (a + bz + cx?)
+ 2c

/(d + ex)? cosh (a + bz + c2?) dz =

+

_|_

[Out] 1/4*ex(-b*e+2*c*d)*sinh(c*x~2+b*x+a)/c~2+1/2xex (e*x+d)*sinh(c*x~2+b*x+a) /c+
1/8%e~2%exp(-a+1/4*b~2/c) *erf (1/2* (2xcxx+b) /c~(1/2))*Pi~(1/2)/c~(3/2)+1/16%
(~b*e+2xc*d) “2*exp(-a+1/4xb~2/c)*erf (1/2* (2xcxx+b) /c~(1/2))*Pi~(1/2)/c~(5/2
)-1/8*%e~2xexp(a-1/4*¥b~2/c)*erfi(1/2% (2*c*x+b)/c~(1/2))*Pi~(1/2)/c~(3/2)+1/1

6% (—bxe+2*c*d) "2*exp(a-1/4*b~2/c)*xerfi(1/2*(2xcxx+b) /c~(1/2))*Pi~(1/2)/c~ (5

/2)
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Rubi [A] (verified)

Time = 0.14 (sec) , antiderivative size = 261, normalized size of antiderivative = 1.00,
number of steps used = 12, number of rules used = 7 number of rules _ 0.368, Rules used

' integrand size
= {5495, 5491, 5483, 2266, 2235, 2236, 5482}

ﬁe%_“(ZCd - be)%rf(%)

/(d + ex)? cosh (a + bz + cz?) dz =

16¢5/2
\/7_1'6“_% (2cd — be)%rﬁ(”{%)
+ 16¢5/2
2 2
ﬁe2e%_“erf(l%> Jrete " erfi (b‘{%)
+ ]¢3/2 o ]¢3/2
N e(2cd — be) sinh (a + bz + cz?)
4c?
N e(d + ex) sinh (a + bz + cx?)
2c

[In] Int[(d + exx) 2*Cosh[a + b*x + c*x~2],x]

[Out] (e™2+E~(-a + b~2/(4*c))*Sqrt[Pil*Erf[(b + 2*c*x)/(2*Sqrtlc])]1)/(8*c~(3/2))
+ ((2%c*d - bxe) 2xE~(-a + b~2/(4*c))*Sqrt[Pi]*Erf[(b + 2x*c*x)/(2*Sqrt[c])]

)/ (16%xc~(5/2)) - (e"2xE~(a - b~2/(4*c))*Sqrt[Pil*Erfi[(b + 2%c*x)/(2*Sqrt[c
1)1)/(8%c™(3/2)) + ((2%c*d - bxe) 2*xE~(a - b~2/(4*c))*Sqrt[Pi]*Erfi[(b + 2*
c*x)/(2xSqrt[c])]1)/(16%xc~(5/2)) + (ex(2xcxd - b*e)*Sinh[a + bxx + c*x~2])/(
4xc”2) + (ex(d + exx)*Sinh[a + b*xx + c*xx72])/(2%c)

Rule 2235

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfi[(c + d*x)*Rt[bxLog[F], 2]]/(2xd*Rt[b*xLog[F], 2])), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]l*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*Logl[F], 2]1)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266
Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2xc*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5482
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Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x”~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x) + (c_.)*(x)~21%((d_.) + (e_.)*(x_)), x_Symboll

:> Simp[ex(Sinh[a + b*x + c*x~2]/(2*c)), x] - Dist[(b*e - 2*c*d)/(2*c), In
t[Cosh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*xe - 2
*c*xd, 0]

Rule 5495

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1*((d_.) + (e_.)*(x_))"(m_ ), x_Sy
mbol] :> Simp[e*(d + e*x)”(m - 1)*(Sinh[a + b*x + c*x72]/(2%c)), x] + (-Dis
t[(b*e - 2%c*xd)/(2%c), Int[(d + e*xx)"(m - 1)*Cosh[a + b*x + c*x~2], x], x]
- Dist[e™2*((m - 1)/(2*c)), Int[(d + e*x)"(m - 2)*Sinh[a + b*x + c*x~2], x]
, x]1) /; FreeQ[{a, b, c, d, e}, x] & GtQ[m, 1] && NeQ[b*e - 2xc*d, 0]

Rubi steps
~ 2 2 [ o 2
integral = e(d + ex) s1nh2(a +bx+cz®) € [sinh(a —; bx + cx?) dz
c c
_ (=2cd + be) [(d + ex) cosh (a + bz + cz?) dw
2c
_e(2cd — be) sinh (a + bz + cz?) N e(d + ex) sinh (a + bz + cz?)
N 4c? 2c
e? [emo b= dy €2 [ertbter® dr (2cd — be)? [ cosh (a + bx + ca?) dx
+ - +
4c 4c 4c?
_e(2cd — be) sinh (a + bz + cz?) N e(d + ex) sinh (a + bz + cz?)
N 4c? 2c
(2cd — be)? [e~* =" dx  (2cd — be)? [ e*ttter’ dy
+ +
8c? 8c?

_u? (b+2¢2)? g2 _ (=b—2c2)?
(eQe“ 4c> [e 2 dx <€26 “+4c> Je i dr
- +

4c 4c
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2otk VT erf<b+2c””> \/_ erﬁ(b““)

- 8¢3/2 8¢3/2
e(2cd — be) sinh (a + bx + cx?) N e(d + ex) sinh (a + bx + cx?)
4c? 2c
((2cd be)? “_*> i St 4 ((2cd - be)ze_‘“r%) J e~ 2
+ 8¢c? + 8¢c?
S \/_erf<b+2“> (2cd — be)?eo+ e \/_erf(b””)
8c3/ 2 1605/ 2
eV i \/_ erfi (b“'m“) (2cd — be)?er i \/_ erfi ( b+2“)
- 8¢3/2 * 16¢5/2
e(2cd — be) sinh (a + bx + cz?) N e(d + ex) sinh (a + bz + cz?)
4c2 2c

Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 194, normalized size of antiderivative = 0.74

/(d + ex)? cosh (a + bz + cz?) do

(4c*d? + b%e? + 2ce(—2bd + €)) \/_erf<b+2“> (cosh (a - %) — sinh (a — %)) + (4c*d? + b%e? — 2ce(2bd
165/

[In] Integrate[(d + exx)~2*Cosh[a + b*x + c*x~2],x]

[Out] ((4*c™2%d"2 + b~2xe”2 + 2xcxex(-2*%b*d + e))*Sqrt[Pi]l*Erf[(b + 2*c*x)/(2*Sqr
t[c])I*(Cosh[a - b~2/(4*c)] - Sinh[a - b~2/(4*c)]) + (4*c™2%d"2 + b~ 2xe"2 -
2*cke* (2xbxd + e))*Sqrt[Pil*Erfi[(b + 2xcx*x)/(2+Sqrt[c])]*(Cosh[a - b~2/(4

*c)] + Sinh[a - b72/(4%c)]) + 4xSqrt[cl*ex(4*cxd - bke + 2*xcke*x)*Sinh[a +

x*(b + cxx)])/(16%c~(5/2))

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 459 vs. 2(205) = 410.

Time = 0.22 (sec) , antiderivative size = 460, normalized size of antiderivative = 1.76

method | result

_ 4ac—b? b2 b2
erf(ﬁx+2\l’[)fd2e 4c e—ae2p a—z(ca+b) n e—e2p e—a(ca+b) n e~ %?b?\/medc erf(ﬁ:c-l—z%}z) " e %e2\/medc

risch —
4./c 4c 8c2 163 :

[In] int((exx+d) 2*cosh(c*x~2+b*x+a) ,x,method=_RETURNVERBOSE)
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[Out] 1/4xerf(c~(1/2)*x+1/2%b/c”~(1/2))/c~(1/2)*Pi~(1/2)*d~2*exp(-1/4*(4*a*c-b~2)/
c)-1/4*exp(-a)*e~2/c*xxxexp (-x* (cxx+b) ) +1/8*exp(-a) *e~2/c~2*b*exp (-x* (c*x+b)
)+1/16%exp(-a)*e~2/c”(5/2) *b~2%Pi~ (1/2) *exp(1/4*b~2/c) *erf (c~(1/2) *x+1/2xb/
c~(1/2))+1/8*exp(-a)*e~2/c~(3/2)*Pi~ (1/2) *exp(1/4*b~2/c) *erf (¢~ (1/2) *x+1/2%
b/c~(1/2))-1/2%exp(-a) *d*e/c*exp (-x* (c*x+b) ) -1/4*exp(-a)*d*e*b/c~(3/2) *Pi~(
1/2)*exp(1/4*%b~2/c)*erf (c~(1/2)*x+1/2%b/c~(1/2))-1/4*erf (-(-c) ~(1/2) *x+1/2%
b/ (-c)~(1/2))/(-c)~(1/2)*Pi~ (1/2) *d~2*exp(1/4* (4*xa*xc-b"2) /c)+1/4*exp(a) *e~2
/cxxxexp (x* (c*x+b) ) -1/8%exp(a) *e~2/c~2xb*exp (x* (c*x+b) ) -1/16%exp(a) *e~2/c"2
*b~2+Pi~ (1/2) *exp(-1/4*%b~2/c)/(-c)~(1/2) *erf (- (-c)~(1/2) *x+1/2%b/ (-c)~(1/2)
)+1/8*exp(a)*e~2/c*¥Pi~(1/2)*exp(-1/4xb~2/c) /(-c)~(1/2) *erf (-(-c)~(1/2) *x+1/
2xb/(-c)~(1/2))+1/2*exp(a) *d*e/c*exp (x* (c*x+b))+1/4*exp(a) *d*exb/c*Pi~(1/2)
xexp(-1/4%b~2/c)/(-c)~(1/2)*xerf (-(-c)~(1/2) *x+1/2xb/(-c)~(1/2))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 633 vs. 2(205) = 410.

Time = 0.27 (sec) , antiderivative size = 633, normalized size of antiderivative = 2.43

/(d + ex)? cosh (a + bz + c2?) dz =

4@8w+8§@—2%&—2@§§x+4§@—bw%aﬁﬂw”+m+ﬂf+v?«MﬁF—4%@+%6

[In] integrate((e*x+d) ~2*cosh(c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/16%(4*c™2xe”2%x + 8*c~2xd*e - 2xbxcke™2 - 2x(2%xc~2%e”2*x + 4*c 2*d*e - b
xcxe~2)*cosh(c*x”2 + bxx + a)~2 + sqrt(pi)*((4*c™2*%d"2 - 4xb*ckd*e + (b~2 -
2%c)*e”2)*cosh(c*x™2 + b*x + a)*cosh(-1/4*(b"2 - 4xaxc)/c) + (4*c™2*d"2 -
4xb*cxdxe + (b72 - 2*c)*e”2)*cosh(c*x™2 + bxx + a)*sinh(-1/4%(b~2 - 4x*ax*c)/
c) + ((4%c™2xd"2 - 4xbxcxdxe + (b~2 - 2*c)*e”2)*cosh(-1/4%(b~2 - 4*ax*c)/c)
+ (4%c™2xd"2 - 4xbxcxd*e + (b~2 - 2%c)*e”2)*sinh(-1/4*(b"2 - 4*axc)/c))*sin
h(c*x™2 + b*x + a))*sqrt(-c)*erf(1/2%x(2*c*x + b)*sqrt(-c)/c) - sqrt(pi)*((4
*Cc"2%d"2 - 4xbkckdxe + (b~2 + 2*c)*e”2)*cosh(c*x™2 + b*x + a)*cosh(-1/4*(b”
2 - 4xaxc)/c) - (4xc™2xd"2 - 4xbkckdxe + (b™2 + 2xc)*e”2)*cosh(c*x™2 + bx*x
+ a)*sinh(-1/4%(b~2 - 4x*ax*c)/c) + ((4*%c™2xd"2 - 4xbxcxdxe + (b~2 + 2%c)*e”2
Y*xcosh(-1/4x(b~2 - 4xaxc)/c) - (4xc™2*d"2 - 4xbxckd*e + (b~2 + 2%c)*e”2)*si
nh(-1/4*%(b”"2 - 4*ax*c)/c))*sinh(c*x"2 + b*x + a))*sqrt(c)*erf(1/2*(2*c*x + b
)/sqrt(c)) - 4*(2%c™2%e”2*x + 4*c”2xd*e - bkcxe~2)*cosh(c*x"2 + bxx + a)*si
nh(c*x™2 + b*x + a) - 2% (2%c™2xe"2xx + 4*c"2*d*e - b*ck*e~2)*sinh(c*x~2 + b*

x + a)~2)/(c"3*cosh(c*x™2 + b*x + a) + c~3*sinh(c*x™2 + b*x + a))
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Sympy [F]
/(d + ex)? cosh (a + bz + cz?) dz = / (d+ ex)? cosh (a + bz + cz?) da

[In] integrate((e*x+d)**2*cosh(c*x**2+b*x+a) ,x)

[Out] Integral((d + e*x)*x2*cosh(a + b*x + c*x**2), x)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 536 vs. 2(205) = 410.

Time = 0.36 (sec) , antiderivative size = 536, normalized size of antiderivative = 2.05

/(d + ex)? cosh (a + bz + cz?) dz

md? erf (/—cx — 4 e(a_‘l‘%) md?erf (\/ex + 52~ ) e
2\/ 24/c
+
C 4 \/E
cx 2 (2 Cz+b)2
f(zcx+b)b erf 1/~ M) 1) 26( Tc ) dee<a_%2°>

_ (ecz+b)® cz+b)2 \/E

4./c
cotb)2 2
\f(2cac—i-b)b2 erf \/ M) 1) 4be<4(2 4Jcrb) ) 4(20$+b)31—‘<%7_%) 9 <a—£)
_ e‘e 4c

(-o+)

3 3
_ (2ca+b)? cav+b)2 c2 (_ (2 cz+b)2>§cg
c

16 /¢
(f(zchrb)b erf \/M) 1) N 266(—%) p (_a+zj)
ee e

\/(2 cz+b)2 —c) % (—C)%

4+/—c
c 2 2
f(2cx+b)b2 erf \/M) 1) “ <—7(2 ﬁﬁ”) 4(26w+b)3F(%,%) 2 (~at+22)
+ ce e‘e 4c

v <2°””+">2< 08 ()3 (eemtn2 cz+b>2)%(_c)%

B 16/—c

[In] integrate((e*x+d) "2*cosh(c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/4*sqrt(pi)*d~2*erf (sqrt(-c)*x - 1/2*%b/sqrt(-c))*e”(a - 1/4*b~2/c)/sqrt(-c
) + 1/4*xsqrt(pi)*d~2*erf(sqrt(c)*x + 1/2*%b/sqrt(c))*e”~(-a + 1/4*b~2/c)/sqrt
(c) - 1/4x(sqrt(pi)*(2*c*x + b)*b*x(erf (1/2xsqrt(-(2*c*x + b)~2/c)) - 1)/(sq
rt(-(2%xcxx + b)~2/c)*c”(3/2)) - 2xe~(1/4*(2xcxx + b)~2/c)/sqrt(c))*d*xexe”(a
- 1/4xb~2/c) /sqrt(c) + 1/16x(sqrt(pi)*(2xcxx + b)*b~2*(erf (1/2*sqrt (- (2*c*
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X + b)72/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c~(5/2)) - 4*b*e”(1/4*(2*c*x + b)
~2/c)/c”(8/2) - 4x(2xcxx + b) “3*gamma(3/2, -1/4*(2*c*x + b)~2/c)/((-(2*c*x
+ b)72/c)”(3/2)*c”(5/2)))*e"2%e"(a - 1/4xb~2/c)/sqrt(c) - 1/4*(sqrt(pi)*(2%
cxx + b)*bx(erf(1/2*sqrt((2*c*x + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)
~(3/2)) + 2%cxe”(-1/4%(2*c*x + b)~2/c)/(-c)~(3/2))*d*e*xe~(-a + 1/4%b~2/c)/s
qrt(-c) - 1/16*(sqrt(pi)*(2*c*x + b)*b~2*x(erf (1/2*sqrt((2xc*x + b)~2/c)) -
1)/ (sqrt((2xc*x + b)~2/c)*(-c)~(5/2)) + 4xbxcxe”(-1/4x(2*cxx + b)~2/c)/(-c)
~(5/2) - 4x(2*%cxx + b)“3xgamma(3/2, 1/4x(2xcxx + b)~2/c)/(((2xc*x + b)~2/c)
~(3/2)*(-c)~(5/2)))*e"2%e~(-a + 1/4%¥b~2/c)/sqrt(-c)

Giac [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 227, normalized size of antiderivative = 0.87

/(d + ex)? cosh (a + bz + c2?) dz =

™ C b cae € ce err| —5 C T 6(b224cac)
V7 (4 2d2—4 bede+b2e2 42 ce?) f( %f(2 +Z)) 19 (ce2(2z 4 IE)) 4+ dede — 2be2)e(—cx2—bx—a)

_ Ve
16 2
242 _ A bedetb2e? 2) erf(— 1 94l (_%%)
V(4 c2d2—4bede+b2e?—2 ce )\e/rj(c—Q v=c(22+2))e —2(ce?(2x +8) + 4 cde — 2be?)elcr*+hz+a)
o 16 2

[In] integrate((e*x+d) 2*cosh(c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/16*(sqrt(pi)*(4*xc”2%xd"2 - 4*b*cxd*e + b~2xe”2 + 2*cxe”2)*erf (-1/2*xsqrt(c
)*(2xx + b/c))*e”(1/4x(b"2 - 4*a*xc)/c)/sqrt(c) + 2*(cxe”2*(2*x + b/c) + 4x*c

xdxe — 2*%bxe~2)*e”(-c*x”"2 - b*x - a))/c”2 - 1/16*(sqrt(pi)*(4*c™2*%d"2 - 4#b
xcxd*e + b"2xe”2 - 2xcxe”2)xerf (-1/2*sqrt(-c)*(2*x + b/c))*e”(-1/4x(b"2 - 4
xa*xc)/c)/sqrt(-c) - 2x(c*e”2%(2*x + b/c) + 4*cxd*e - 2%bxe”2)*e”(c*xx"2 + bx

x + a))/c"2

Mupad [F(-1)]

Timed out.

/(d+€$)2 cosh (a + br + cz®) dz = /cosh(cx2+bx—|—a) (d+ex)’dz

[In] int(cosh(a + b*x + c*x"2)*(d + e*x)~2,x)

[Out] int(cosh(a + b*x + c*x~2)*(d + e*x)~2, x)
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3.29 [(d + ex) cosh (a + bx + cx?) dzx

Optimal result . . . . . . . . . . . . e e 172
Rubi [A] (verified) . . . . . . . . 1721
Mathematica [A] (verified) . . . . . . . . ... L Ive!
Maple [A] (verified) . . . . . . . . Ive!
Fricas [B] (verification not implemented) . . . . . . .. ... ... ... ....... 1751
Sympy [F] . . o o 175
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 1751
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L. 176
Mupad [F(-1)] . . .« o v

Optimal result

Integrand size = 17, antiderivative size = 128

(2cd — be)e~*+ £ ﬁerf<_b;2/%$ )

/(d + ex) cosh (a + bz + cz?) dz =

8¢3/2
(2cd — be)e“_% V/merfi (%\%"’)
+ 8c3/2
esinh (a + bz + cx?)
+
2c

[Out] 1/2*exsinh(c*x~2+b*x+a)/c+1/8% (~b*xe+2*c*xd)*exp(-a+1/4*b~2/c)*erf (1/2x(2xc*x
+b)/c~(1/2))*Pi~(1/2) /c~(3/2)+1/8* (-b*e+2*c*d) xexp(a-1/4%b~2/c) *erfi (1/2x (2
xcxx+b) /c”(1/2))*Pi~(1/2)/c~(3/2)

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.00,

number of steps used = 6, number of rules used = 5, Lumber of rules _ ( 994 Ryles used
integrand size

= {5491, 5483, 2266, 2235, 2236}

ﬁe%‘“(%d - be)erf(b;rj%w>
8c3/2

\/7_1'6“_% (2cd — be)erﬁ(b;z/ca’”)
+ 8¢3/2
esinh (a + bz + cz?)
+
2c

/(d + ex) cosh (a + bz + cz?) dz =

[In] Int[(d + exx)*Cosh[a + b*x + c*x~2],x]
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[Out] ((2*cxd - b*e)*E~(-a + b~2/(4xc))*Sqrt [Pi]l*Erf[(b + 2*c*x)/(2*Sqrt(c])])/(8
*xc~(3/2)) + ((2xcxd - b*e)*E~(a - b~2/(4*c))*Sqrt[Pil*Erfi[(b + 2*c*x)/(2%S
qrt[c])1)/(8*c~(3/2)) + (exSinh[a + b*x + c*xx~2])/(2*c)

Rule 2235

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfi[(c + d*x)*Rt[b*xLog[F], 2]]/(2xd*Rt[b*xLogl[F], 2])), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pi]l*(Exrf[(c + d*x)*Rt[(-b)*LoglF], 2]]1/(2*d*Rt[(-b)*Logl[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2xc*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x”2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[ex(Sinh[a + b*x + c*x~2]/(2%c)), x] - Dist[(b*e - 2xc*d)/(2*c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rubi steps
i 2 —2 h 2

integral = esinh (a + bz +ca?)  (—2cd + be) [ cosh (a + bz + cz?) dz

2c 2

esinh (a + bz + cz?)  (2cd — be) [ e—a—bz—cz® g, (2cd — be) [ gatbatea® g
2 4c 4c
ab? (b+2ex)®
_ esinh (a + bz + cz?) N ((2cd —be)e 4c> [e e z

2c 4c
(—b—2cx)2

<(2cd — be)e‘“*lfi) Je T dx

+ 4c
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B (2cd — be)e ot \/_erf<b+2cx) (2¢d — be)e™” \/_erﬁ(bJrzcm) esinh (a + bz + cz?)
B 8c3/2 + 8¢3/2 + 2c

Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.14

/(d + ex) cosh (a + bz + cz?) dz

(2cd be)\/_erf<b+2c‘”> (cosh (a - Z—i) — sinh (a >> + (2¢d — be)\/_erﬁ(b”"“’) (cosh (a - Z—i) + si
8c3/2

[In] Integrate[(d + e*x)*Cosh[a + b*x + c*x~2],x]

[Out] ((2*cxd - bxe)*Sqrt [Pil*Erf[(b + 2xcx*x)/(2xSqrt[c])I*(Cosh[a - b~2/(4*c)] -
Sinh[a - b~2/(4*c)]) + (2%cxd - b*e)*Sqrt[Pi]l*Erfi[(b + 2xcxx)/(2*Sqrt[cl)
1*(Cosh[a - b~2/(4*c)] + Sinh[a - b~2/(4*c)]) + 4xSqrt[cl*exSinh[a + x*(b +
cxx)])/(8%c~(3/2))

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.56

method | result

2 4ac—b?

4ac—b? b
isch erf(\/EaH-zL\/E)\/Ede_ “Ic e g—(ca+b) e %eby/Tede erf(ﬁz—i—%\k) erf( V- cx+2r)fde 4c ye
T1SC — — — =
4+/c 4c 8c 4y/—c

[In] int((exx+d)*cosh(c*x”2+b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/4*erf(c”(1/2)*x+1/2*%b/c”(1/2))/c~(1/2)*Pi~(1/2)*d*exp(-1/4*(4*a*c-b~2)/c)
-1/4xexp(-a)*e/c*exp (-x*(c*x+b))-1/8*exp(-a)*e*b/c~(3/2) *Pi~ (1/2) *exp(1/4*b
~2/c)*erf (c”(1/2)*x+1/2%b/c~(1/2))-1/4*erf (-(-c)~(1/2)*x+1/2*%b/(-c)~(1/2))/
(-c)~(1/2)*Pi~(1/2) *d*exp(1/4* (4*xaxc-b~2) /c)+1/4*exp(a) *e/c*xexp (x* (cxx+b) ) +
1/8*exp(a)*exb/cxPi~ (1/2) *exp(-1/4*b~2/c)/(-c)~(1/2) *erf (-(-c)~(1/2) *x+1/2%
b/(-c)~(1/2))
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 412 vs. 2(100) = 200.

Time = 0.26 (sec) , antiderivative size = 412, normalized size of antiderivative = 3.22

/(d + ex) cosh (a + bz + cz?) dz

2 ce cosh (cz? + bz + a)® + 4 ce cosh (cz? + bz + a) sinh (cz? + bz + a) + 2 cesinh (cz? + bz + a)® — \/7_r(

[In] integrate((e*x+d)*cosh(c*x"2+b*x+a),x, algorithm="fricas")

[Out] 1/8%(2*c*excosh(c*xx™2 + b*x + a)”~2 + 4*ckexcosh(c*x™2 + b*x + a)*sinh(c*xx~2
+ b*x + a) + 2xckexsinh(c*x"2 + b*x + a)~2 - sqrt(pi)*((2*c*d - b*e)*cosh(
c*x72 + b*x + a)*cosh(-1/4%(b"2 - 4*a*xc)/c) + (2xckd - bxe)*cosh(cxx"2 + b*
x + a)*sinh(-1/4%(b"2 - 4xax*c)/c) + ((2*c*d - bxe)*cosh(-1/4*(b"2 - 4xaxc)/
c) + (2xc*d - bxe)*sinh(-1/4%(b~2 - 4*axc)/c))*sinh(c*x”2 + b*x + a))*sqrt(
—-c)xerf (1/2%(2*c*x + b)*sqrt(-c)/c) + sqrt(pi)*((2*cxd - b*e)*cosh(c*x"2 +
b*x + a)*cosh(-1/4%(b~2 - 4*axc)/c) - (2%c*d - bxe)*cosh(c*x"2 + b*x + a)*s
inh(-1/4%(b~2 - 4*axc)/c) + ((2xc*d - bxe)*cosh(-1/4%(b"2 - 4xaxc)/c) - (2%
ckd - bxe)*sinh(-1/4*%(b”~2 - 4xaxc)/c))*sinh(c*x”"2 + b*x + a))*sqrt(c)x*erf (1
/2% (2xc*x + b)/sqrt(c)) - 2xc*e)/(c"2xcosh(c*x”2 + bxx + a) + c~2*sinh(c*x~
2 + bxx + a))

Sympy [F]
/(d + ex) cosh (a + bz + cz?) dz = / (d+ ex) cosh (a + bz + cz?) dx

[In] integrate((e*x+d)*cosh(ckx**2+b*x+a),x)

[Out] Integral((d + exx)*cosh(a + b*x + ckx**2), Xx)

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 254 vs. 2(100) = 200.
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Time = 0.28 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.98

/(d + ex) cosh (a + bz + cz?) dz

Vrderf (/—cx — -2 o(e=47) vrderf (y/cx + 32 o(-o+52)
2v/—c 2/c

= W - W

\/77(2cx+b)b<erf<% \/—M)—l) B 2@<%¢> (”‘_ch)

\/_(2cw+b)26% Ve ee
8+/c
CcT 2
\/77(2cx+b)b<erf<% \/M)—l) N 2ce<_(2‘4ti> ee(_a_i_iﬁc)

NCEDLEs (-9?

8v/—c

[In] integrate((e*x+d)*cosh(c*x"2+b*x+a),x, algorithm="maxima")

[Out] 1/4*sqrt(pi)*d*erf(sqrt(-c)*x - 1/2*%b/sqrt(-c))*e~(a - 1/4%b~2/c)/sqrt(-c)
+ 1/4*sqrt(pi)*d*erf (sqrt(c)*x + 1/2*%b/sqrt(c))*e”(-a + 1/4%b~2/c)/sqrt(c)

- 1/8%(sqrt(pi)*(2xcxx + b)*b*(erf (1/2*sqrt(-(2*c*x + b)~2/c)) - 1)/(sqrt(-
(2xc*xx + b)~2/c)*c”(3/2)) - 2xe~(1/4*(2*cxx + b)~2/c)/sqrt(c))*exe”(a - 1/4
*b~2/c)/sqrt(c) - 1/8*(sqrt(pi)*(2*cxx + b)*b*(erf(1/2*sqrt((2*xc*x + b)~2/c

)) - 1)/(sqrt ((2xc*x + b)~2/c)*(-c)~(3/2)) + 2*c*ke”(-1/4*(2xc*x + b)~2/c)/(
-c)~(8/2))*exe”(-a + 1/4%b~2/c)/sqrt(-c)

Giac [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.09

V7(2 cd—be) erf(—% \/6(2 x—i—%))e(Lﬂ_ﬁ% ac) . , ee(_wz_bz_a)
/(d+ex)cosh(a+bx+cx2) de = — ve 8c
V7 (2 cd—be) erf(—% \/—70(2{"%))6(—22%;%) N
= — 9 eelca®+bz+a

8¢

[In] integrate((e*x+d)*cosh(c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/8*(sqrt(pi)*(2*xc*d - b*e)*erf (-1/2*sqrt(c)*(2*x + b/c))*e”(1/4%(b"2 - 4%
axc)/c)/sqrt(c) + 2%exe”(-c*xx"2 - b*x - a))/c - 1/8*%(sqrt(pi)*(2*cxd - bxe)

xerf (-1/2*sqrt(-c)*(2*x + b/c))*e”(-1/4x(b"2 - 4x*a*c)/c)/sqrt(-c) - 2*xexe”(
c*x™2 + b*x + a))/c
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Mupad [F(-1)]

Timed out.

/(d—i—ex)cosh (a+ bz +cz?) do = /cosh(cx2+bac+a) (d+ezx) dx

[In] int(cosh(a + b*x + c*x~2)*(d + e*x),x)

[Out] int(cosh(a + b*x + c*x"2)*(d + e*x), x)
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Optimal result

Rubi [N/A] o o et e e e e e e e

f cosh (a+bx+cx2) du

Mathematica [N/A]

Maple [N/A] (verified)
Fricas [N/A] . . . . o
Sympy [N/A] . .

Maxima [N/A]

Giac [N/A] . . .
Mupad [N/A] . . . o

Optimal result

d+ex

Integrand size = 19, antiderivative size = 19

/ cosh (a + bz + cz?)

d+ex

dr = Int(

cosh (a + bz + cz?)

[Out] Unintegrable(cosh(c*x~2+b*x+a)/(e*x+d) ,x)

Rubi [N/A]
Not integrable

d+ex

)

178

17
178
179
179
Ve
179
1801
1301
1301

Time = 0.01 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00, number
5 = 0.000, Rules used = {}

of steps used = 0, number of rules used

/

cosh (a + bz + cz?)

— . humber of rule

’ integrand size

d+ex

- / cosh (a + bz + cz?)

d+ex

[In] Int[Coshl[a + b*x + c*x~2]/(d + e*x),x]

[Out] Defer[Int] [Cosh[a + b*x + c*x~2]/(d + e*x), x]

Rubi steps

integral = /

cosh (a + bz + cz?)
d+ex

dx

dz
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Mathematica [N/A]

Not integrable
Time = 0.89 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

2 2
/cosh(a+bx+cx)dxz/cosh(a+bx+cx)d$
d+ex d+ex

[In] Integrate[Cosh[a + b*x + c*x"2]/(d + e*x),x]
[Out] Integrate[Cosh[a + b*x + c*x72]/(d + e*x), x]

Maple [N/A] (verified)
Not integrable

Time = 0.02 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

2
/cosh(cx —|—bx+a)dx
er+d

[In] int(cosh(c*x~2+b*x+a)/(exx+d),x)

[Out] int(cosh(c*x~2+b*x+a)/(exx+d) ,x)

Fricas [N/A]

Not integrable
Time = 0.25 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

2 2
/cosh(a+bx+cx)dxz/cosh(czc +bx+a)dx
d+ex er +d

[In] integrate(cosh(c*x~2+b*x+a)/(e*x+d),x, algorithm="fricas")

[Out] integral(cosh(c*x~2 + b*x + a)/(e*xx + d), x)

Sympy [N/A]

Not integrable
Time = 0.54 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.89

/ cosh (a + bz + cx?) p

2
/cosh(a—l—bx+cw )dx
d+ex

d+ex

[In] integrate(cosh(cxx**2+bxx+a)/(exx+d),x)

[Out] Integral(cosh(a + b*x + c*xx**2)/(d + e*x), x)
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Maxima [N/A]

Not integrable
Time = 0.68 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

2 2
/cosh(a+bx+cx)dxz/cosh(ca: +bx+a)d$
d+ex er +d

[In] integrate(cosh(c*x~2+b*x+a)/(e*x+d),x, algorithm="maxima")

[Out] integrate(cosh(c*x~2 + b*x + a)/(e*x + d), x)

Giac [N/A]

Not integrable
Time = 0.27 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

2 2
/cosh(a—|—bx—|—cm)dw:/cosh(cz —|—bx+a)dw
d+ex er +d

[In] integrate(cosh(c*x~2+b*x+a)/(exx+d),x, algorithm="giac")

[Out] integrate(cosh(c*x~2 + b*x + a)/(exx + d), x)

Mupad [N/A]

Not integrable
Time = 1.57 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

2 2
/cosh(a+bx+cx )dmz/cosh(cx +bx+a) s
d+ex d+ex

[In] int(cosh(a + b*x + c*x"2)/(d + e*x),x)

[Out] int(cosh(a + b*x + c*x"2)/(d + e*x), x)
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3.31 [(d + ex)? cosh? (a + bz + cz?) dz

Optimal result . . . . . . . . . . . e [181]
Rubi [A] (verified) . . . . . . . . . 182
Mathematica [A] (verified) . . . . . . . . ... L 184
Maple [B] (verified) . . . . . . . . . .. 185
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... ..... 185)
Sympy [F] . . oo 186
Maxima [B] (verification not implemented) . . . . . . . . ... ... L. 187
Giac [A] (verification not implemented) . . . . . . ... ... .. L oL 188
Mupad [F(-1)] . . . 188

Optimal result

Integrand size = 21, antiderivative size = 311

—2a b2 T b+2cz
(dtea)p et Fart( 522

/(d + ex)? cosh? (a + bz + cz?) dz = e 390372
—2a+% /x cz
.\ (2cd — be)2e 20T 2 \/gerf(’j;ﬁ>
32c5/2
a_ﬁ ™ CT
- e2e? % ﬁerﬁ(%&)
32¢3/2
2z oz
.\ (2cd — be)2e?* 2 \/gerﬁ(ﬁgﬁ>
32c5/2
N e(2cd — be) sinh (2a + 2bx + 2cx?)
16¢?
N e(d + ex) sinh (2a + 2bz + 2cz?)
8c

[Out] 1/6%(e*x+d)~3/e+1/16%e* (~b*e+2*c*d)*sinh(2*xc*xx~2+2xbxx+2%a)/c”~2+1/8%e* (exx+
d) *sinh (2*%c*x~2+2%b*x+2%*a) /c+1/64*xe~2xexp (-2*a+1/2xb~2/c) xerf (1/2* (2*c*x+b)
*27(1/2)/c~(1/2))*2~(1/2)*Pi~(1/2) /c~(3/2) +1/64* (~b*xe+2*c*d) ~2*exp (-2*a+1/2
*b~2/c)*xerf (1/2% (2%c*xx+b)*2~(1/2) /c~(1/2))*2~(1/2)*Pi~(1/2) /c~(5/2)-1/64%e™
2xexp(2*a-1/2xb~2/c) *erfi (1/2* (2*c*x+b)*2~(1/2) /c~(1/2))*2~(1/2)*Pi~(1/2)/c
~(8/2)+1/64% (-bxe+2xc*d) “2*exp(2*a-1/2%b"2/c) *erfi (1/2x (2*cxx+b)*2~(1/2) /c~
(1/2))*27(1/2)*Pi~(1/2) /c~(5/2)
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Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 311, normalized size of antiderivative = 1.00,

number of steps used = 14, number of rules used = 8, number of rules _ 0.381, Rules used
integrand size

= {5503, 5495, 5491, 5483, 2266, 2235, 2236, 5482}

\/gegjc_za(ch - be)zerf(%)

/(d + ex)? cosh® (a + bz + c2?) dz =

32c5/2
™ a—ﬁ CT
V/5e* 2 (2ed — be)%rﬁ(%)
32c5/2
JZe? Y 2agpp( b2 T 2204 orfy (b2
Tele rf( 25 Te’e rfi ( 25
- 32c3/2 B 32c3/2
e(2cd — be) sinh (2a + 2bx + 2cx?)
_|_
16¢2
e(d + ex) sinh (2a + 2bz + 2cz®)  (d + ex)3
+ 8c + be

[In] Int[(d + exx) 2%Cosh[a + b*x + c*x~2]72,x]

[Out] (d + e*x)~3/(6%e) + (e"2+E~(-2xa + b~2/(2*c))*Sqrt[Pi/2]*Erf[(b + 2*c*x)/(S
qrt [2]*Sqrt[c])])/(32%c~(3/2)) + ((2*c*d - bxe) “2+xE~(-2*%a + b~2/(2%c))*Sqrt
[Pi/2]*Erf [(b + 2*c*x)/(Sqrt[2]*Sqrt[c])])/(32%c~(5/2)) - (e"2xE~(2*a - b~2
/(2xc))*Sqrt [Pi/2]1*Erfi[(b + 2xc*x)/(Sqrt[2]*Sqrtlc])])/(32%c~(3/2)) + ((2*

cxd - bxe) "2xE~(2xa - b~2/(2*c))*Sqrt [Pi/2]*Erfi[(b + 2*c*x)/(Sqrt[2]*Sqrt[
c1)1)/(32%c~(5/2)) + (ex(2*c*d - bxe)*Sinh[2%a + 2¥bxx + 2xc*x~2])/(16*c~2)

+ (ex(d + e*xx)*Sinh[2%a + 2%b*x + 2%c*x~2])/(8*c)

Rule 2235

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil(c + d*x)*Rt[b*Log[F], 2]11/(2*d*Rt[b*Log[F], 21)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*x((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pi]*(Erf [(c + d*x)*Rt[(-b)*Logl[F], 2]]1/(2*d*Rt[(-b)*Log[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266
Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2xc*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5482
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Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sinh[a + b*x + c*x"2]/(2%c)), x] - Dist[(b*e - 2%c*d)/(2%c), In

t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2

xc*xd, 0]

Rule 5495

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_))"(m_), x_Sy
mbol] :> Simp[e*(d + e*x)~(m - 1)*(Sinh[a + b*x + c*x~2]/(2*c)), x] + (-Dis
t[(b*xe - 2*%c*d)/(2*c), Int[(d + exx)"(m - 1)*Cosh[a + b*x + c*x~2], x], x]
- Dist[e”2*((m - 1)/(2*c)), Int[(d + e*x)"(m - 2)*Sinh[a + b*x + c*x~2], x]
, x]1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2xc*d, O]

Rule 5503
Int[Cosh[(a_.) + (b_.)*(x_) + (c_)*(x_)"2]"(n_)*((d_.) + (e_.)*(x_))"(m_.)

, x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x~2]"°n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rubi steps

1 1
integral = / (§(d +ex)? + §(d + ez)? cosh (2a + 2bz + 2cx2)> dx

31

= % +5 /(d + ex)? cosh (2a + 2bz + 2cz?) dz
_ (d+ex) N e(d + ex) sinh (2a + 2bx +2cz®)  €® [ sinh (2a + 2bz + 2cz?) dz
B 6e 8c 8c

N (2¢d — be) [(d+ ex) cosh (2a + 2bz + 2cz?) dz

4c

(d+ex)® e(2cd — be)sinh (2a + 2bz + 2cz?)  e(d + ex) sinh (2a + 2bx + 2cz?)

= + +
6e 16¢2 8¢

e? [ 20— e-2ea® gy @2 [ g2at2be+22® do (2cd — be)? [ cosh (2a + 2bx + 2ca?) dx
+ = +
16¢ 16¢ 8c?
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_ (d+ex)? N e(2cd — be) sinh (2a + 2bx + 2cx?) N e(d + ex) sinh (2a + 2bz + 2cz?)

Ge 16¢2 8¢
(2cd be)? [ =2a-2o=2ea? gy ) (2cd — be)? [ e2atatoe? gy
16¢2 16¢2
( 2,20— ) Ii o Citden < 2042 ) [e (cooten?
- 16¢ + 16¢
(d+ e:I,')3 2a+2c \/_erf(b—i-?ca:) \/_erﬁ<b+20x>
- 6e + 32¢3/2 3203/2
e(2cd — be) sinh (2a + 2bx + 2cx?) N e(d + ex) sinh (2a + 2bzx + 2cz?)
16¢2 , 8¢ .
CcT 2 —2b—4cx
<(2cd be)? 2“_*> f6(2b+840 : ((2cd — be)26_2“+37) fe‘% dz
* 16¢? + 16¢2
(dtexp | @ EGard(H22)  (2od—bee ot fard (M)
B 66 + 32¢3/2 + 392¢5/2
2
€205 \/_erﬁ (b““) (2cd — be)?e?* 5 V/ Gerfi (2}2—2%>
32¢3/2 + 32¢5/2
e(2cd — be) sinh (2a + 2bx + 2cx?) N e(d + ex) sinh (2a + 2bz + 2cz?)
16¢2 8c

Mathematica [A] (verified)

Time = 0.92 (sec) , antiderivative size = 240, normalized size of antiderivative = 0.77

/(d + ex)? cosh? (a + bz + cz?) dz

3(4c*d® + b?e?® + ce(—4bd + €)) ﬁerf(f}zcx> <cosh <2a — 12’—> — sinh (2a - —>> + 3(4c%d? + b%e? — ce

2V/c

(

[In] Integrate[(d + e*x)~2*Cosh[a + b*x + c*x~2]72,x]

[Out] (3*(4*c™2%d"2 + b~2%e”2 + cxex(-4*b*xd + e))*Sqrt[2*Pi]*Erf[(b + 2*c*x)/(Sqr
t[2]*Sqrt[c])]1*(Cosh[2*a - b~2/(2*c)] - Sinh[2*a - b~2/(2%c)]) + 3*(4*c™2*d
"2 + b"2xe"2 - cxex(4xbxd + e))*Sqrt[2*Pi]*Erfi[(b + 2*c*x)/(Sqrt[2]*Sqrtlc
1)1*(Cosh[2*¥a - b~2/(2*c)] + Sinh[2*a - b~2/(2%c)]) + 4*Sqrt[c]*(8*c™2*x*(3
*d72 + 3xd*e*xx + e72%x72) + 3kex(4*cxd - bke + 2kcke*x)*Sinh[2x(a + x*(b +

cxx))1))/(192%c~(5/2))
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 527 vs. 2(253) = 506.

Time = 0.29 (sec) , antiderivative size = 528, normalized size of antiderivative = 1.70

method | result

dac—b2

de 2 + xd? er

3 + eI'f<\/i \/Ez+%)\/§\/77d2e_T e—2a02, g—2z(cz+b) e—2a2p g—2x(cz+b)

e_2a82b2\

risch 2 2 T 6 16+/c - 16¢ 3282

[In] int((exx+d) 2*cosh(c*x~2+b*x+a) 2,x,method=_RETURNVERBOSE)

[Out] 1/2*d*exx”~2+1/2%x*d"2+1/6%e”~2*%x"3+1/16*%erf (27 (1/2)*c~(1/2)*x+1/2*b*x2~(1/2)/

c~(1/2))/c~(1/2)*27(1/2)*Pi~ (1/2) *d"2*exp (-1/2* (4*xa*c-b~2) /c)-1/16%exp (-2*a
) ¥e~2/cxxxexp (—2*x* (c*xx+b) ) +1/32*%exp (-2*a) *e~2/c~2*b*exp (-2*x* (c*x+b) ) +1/64
xexp (-2xa)*e~2/c”(5/2)*b~2+Pi~(1/2) *exp(1/2%b~2/c) *2~ (1/2) *erf (27 (1/2) *c~ (1
/2)*x+1/2%b%27(1/2) /c~(1/2))+1/64*exp(-2*a)*e~2/c~(3/2)*Pi~ (1/2) *exp(1/2%b™
2/c)*27(1/2) *erf (27 (1/2) *c™ (1/2) *x+1/2*%b*2~(1/2) /c~(1/2) ) -1/8*exp(-2*a) *d*e
/cxexp (-2*x* (cxx+b) ) -1/16%exp (-2*a) *d*e*b/c~(3/2) *Pi~ (1/2) *exp(1/2*¥b~2/c) *2
~(1/2)xerf (27 (1/2)*c™ (1/2) *x+1/2¥b*27 (1/2) /c~(1/2) ) -1/8*erf (- (-2*c) " (1/2) *x
+b/ (-2xc)~(1/2))/(-2%c) ~(1/2) *Pi~ (1/2) *d~2*exp(1/2* (4*xaxc-b~2) /c)+1/16%exp(
2*a) *e”2/cxx*exp (2xx* (cxx+b) ) -1/32*exp(2*a) *e~2/c~2*b*exp (2*x* (c*x+b) )-1/32
xexp (2*a) *e~2/c”2xb~2*%Pi~ (1/2) *exp(-1/2*xb~2/c) / (-2*%c) = (1/2) xerf (- (-2*c) ~(1/
2) *x+b/ (-2xc) ~(1/2))+1/32*exp (2*a) *e~2/c*Pi~ (1/2) *exp(-1/2*b~2/c) / (-2*c)~ (1
/2)xerf (- (-2%c) ~(1/2) *x+b/ (-2%c) ~(1/2) ) +1/8*exp (2*a) *d*e/c*exp (2*x* (c*x+b) )
+1/8%exp (2*a) *d*xe*b/c*Pi~ (1/2) *exp(-1/2%b~2/c) / (-2xc) ~(1/2) xerf (- (-2*c) ~(1/
2)*x+b/ (-2%c)~(1/2))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1142 vs. 2(253) = 506.

Time = 0.27 (sec) , antiderivative size = 1142, normalized size of antiderivative = 3.67

/ (d + ex)? cosh® (a + bz + cz?) dz = Too large to display

[In] integrate((e*x+d) ~2*cosh(c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] -1/192%(12%c”2%e”2%x — 6% (2%c ™ 2%xe"2%x + 4*c~2*%d*e — bxck*xe~2)*cosh(c*x™2 + b

*X + a)”4 - 24x(2%c"2%e"2xx + 4*c”2xd*xe — b*c*e”2)*cosh(c*x"2 + b*x + a)*si
nh(c*x™2 + b*xx + a)~3 - 6%(2%c™2xe"2*%x + 4*xc~2xd*e - bxcxe”2)*sinh(c*xx”2 +
b*x + a)~4 + 24%c”2xd*e - 6%bkckxe”2 + 3*ksqrt(2)*sqrt(pi)*((4*xc~2*%d"2 - 4xb*
ckdxe + (b™2 - c)*e"2)*cosh(c*x~2 + bxx + a) 2*cosh(-1/2x(b"2 - 4xaxc)/c) +
(4xc™2%d"2 - 4*b*ckd*e + (b™2 - c)*e”2)*cosh(c*x™2 + b*x + a) 2*xsinh(-1/2%
(b™2 - 4x*axc)/c) + ((4xc™2*d"2 - 4xbxckxd*e + (b~2 - c)*e”2)*cosh(-1/2*(b"2
- 4xaxc)/c) + (4xc™2*%d"2 - 4xbkxckd*e + (b"2 - c)*e”2)*sinh(-1/2*(b"2 - 4xax
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c)/c))*sinh(c*x"2 + bxx + a)”2 + 2% ((4*c™2*d"2 - 4xbkxc*dxe + (b™2 - c)*e”2)
*cosh(c*x™2 + b*xx + a)*cosh(-1/2%(b~2 - 4x*a*xc)/c) + (4*c™2+%d"2 - 4xb*c*d*e

+ (72 - c)*e"2)*cosh(c*x™2 + bxx + a)*sinh(-1/2%(b"2 - 4x*ax*c)/c))*sinh(c*x
72 + b*x + a))*sqrt(-c)*erf(1/2*sqrt(2)*(2*cxx + b)*sqrt(-c)/c) - 3*sqrt(2)
*xsqrt (pi) * ((4xc~2%xd"2 - 4*bxcxd*e + (b™2 + c)*e”2)*cosh(c*x™2 + b*x + a) 2%
cosh(-1/2%(b~2 - 4x*a*c)/c) - (4*c™2%d"2 - 4*b*cxdxe + (b2 + c)*e”2)*cosh(c
*x"2 + b*x + a) 2*sinh(-1/2*(b~2 - 4xax*c)/c) + ((4*c”2*%d"2 - 4xb*cxd*e + (b
~2 + c)*e”2)*cosh(-1/2x(b~2 - 4xa*xc)/c) - (4*c™2*d"2 - 4xbxc*dxe + (b™2 + c
)*e~2)*sinh(-1/2*%(b~2 - 4x*a*c)/c))*sinh(c*x"2 + b*xx + a)~2 + 2x((4*c~2xd"2

- 4xb*cxd*e + (b~2 + c)*e”2)*cosh(c*x~2 + b*xx + a)*cosh(-1/2*%(b"2 - 4*axc)/
c) - (4*%c™2%d"2 - 4xb*cxdxe + (b~2 + c)*e”2)*cosh(c*x”2 + b*x + a)*sinh(-1/
2% (b2 - 4xaxc)/c))*sinh(c*x”2 + b*x + a))*sqrt(c)*erf (1/2*sqrt(2)*(2xcxx +
b)/sqrt(c)) - 32x(c"3xe”2*x"3 + 3xc~3*d*kexx"2 + 3*kc~3xd"2*x)*cosh(c*x"2 +
b*x + a)~2 - 4*%(8*c”3xe"2%x"3 + 24xc”3kd*e*x"2 + 24*c”3*%d"2xx + 9% (2xc"2*xe”
2xx + 4xc”2xd*e - b*cxe~2)*cosh(c*x™2 + b*x + a)~2)*sinh(c*x”2 + b*x + a)~2
- 8% (3% (2*c™2xe"2*x + 4*c”2xd*e - b*cxe"2)*cosh(c*x"2 + b*x + a)~3 + 8x(c”
3*%e"2xx"3 + 3*c"3*dke*x”2 + 3*c"3*d"2*x)*cosh(c*x"2 + b*x + a))*sinh(c*x"2
+ b*x + a))/(c"3*cosh(c*x™2 + bxx + a)~2 + 2*c"3*cosh(c*x"2 + b*x + a)*sinh
(c*x™2 + bxx + a) + c”3*sinh(c*x"2 + b*x + a)~2)

Sympy [F]
/(d + ex)? cosh? (a + bz + cz?) dz = / (d + ex)? cosh® (a + bz + cz?) dz

[In] integrate((e*x+d)**2*cosh(c*x**2+b*x+a)**2,x)

[Out] Integral((d + exx)**2*cosh(a + bxx + ckx**2)**2, x)
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Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 603 vs. 2(253) = 506.

Time = 0.47 (sec) , antiderivative size = 603, normalized size of antiderivative = 1.94

/(d + ex)? cosh? (a + bz + cz?) dx

1 V2y/Terf <\/§\/—_C$ - 2‘?_%) 6(2(1_3%) V2/T erf (\/ﬁx/&c +

5(2/?’;) e(—z a+§—20)

— 2
16 J—c + 7z +8z |d
/5 ﬁ(zcmb)b(erf(\@\/@)_l) - ﬂe(@zﬁ) (a2 /3 ﬁ(cher)b(erf(\@N
1 \/_MC% Ve \/(uzjbﬂ (
—_— 2 —
+ 16 8x 7
V(2 cz+b)b? (m(ﬁd-%)q) 2\/%3(%) 2(20x+b)31"<%7_%> (20
. 3 \/§ \/_ 2 cz:mzcg o o3 - (_M) %c% e
JR— 3 ¢
+192 32z° + 7z

[In] integrate((e*x+d) ~2*cosh(c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] 1/16*(sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(-c)*x - 1/2xsqrt(2)*b/sqrt(-c))*e”(
2xa - 1/2%b~2/c)/sqrt(-c) + sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(c)*x + 1/2%xsq
rt(2)*b/sqrt(c))*e~(-2%a + 1/2xb~2/c)/sqrt(c) + 8*x)*d"2 + 1/16%(8*x"2 - sq
rt(2) *(sqrt(pi) *(2xc*x + b)*b*(erf (sqrt(1/2)*sqrt(-(2*xcxx + b)~2/c)) - 1)/(
sqrt (-(2xcxx + b)~2/c)*c”(3/2)) - sqrt(2)*e~(1/2*(2*c*x + b)~2/c)/sqrt(c))*
e~ (2xa - 1/2%b~2/c)/sqrt(c) - sqrt(2)*(sqrt(pi)*(2xc*x + b)*b*(erf (sqrt(1/2
)*sqrt ((2xc*x + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)~(3/2)) + sqrt(2)*
cxe” (-1/2%(2xc*x + b)~2/c)/(-c)~(3/2))*e”(-2xa + 1/2*¥b~2/c)/sqrt(-c))*dxe +
1/192%(32xx~3 + 3*sqrt(2)*(sqrt(pi) *(2*c*x + b)*b~2*x (erf (sqrt(1/2)*sqrt (-(
2xcxx + b)~2/c)) - 1)/(sqrt(-(2*c*xx + b)~2/c)*c~(5/2)) - 2*sqrt(2)*b*xe~(1/2
*(2%c*x + b)~"2/c)/c”(3/2) - 2*(2*c*x + b) "3xgamma(3/2, -1/2x(2*c*x + b)~2/c
)/ ((-(2%cxx + b)~2/c)~(3/2)*c~(5/2)))*e~(2*a - 1/2%b~2/c)/sqrt(c) - 3*sqrt(
2) *(sqrt (pi) *(2xc*x + b)*b~ 2% (erf (sqrt(1/2)*sqrt((2*c*x + b)~2/c)) - 1)/(sq
rt ((2%c*x + b)~2/c)*(-c)~(5/2)) + 2xsqrt(2)*bxcxe”(-1/2*x(2*c*x + b)~2/c) /(-
c)~(5/2) - 2%(2%c*x + b) " 3xgamma(3/2, 1/2*%(2*c*x + b)~2/c)/(((2*c*x + b)~2/
c)~(3/2)*(-c)~(5/2)))*xe”(-2%a + 1/2¥b~2/c)/sqrt(-c))*e~2



188

Giac [A] (verification not implemented)

none

Time = 0.28 (sec) , antiderivative size = 263, normalized size of antiderivative = 0.85

1 1 1
/(d + ex)? cosh? (a + bz + cz?) dz = - €®z® + 3 dex® + 3 d*z

6
v2—4dac
ﬁﬁ(4c2d2—4bcde+b2ez+ce2);r;(—; ﬁﬁ(2m+g))e( o) +2 (ce?(27 + ) + 4cde — 2be?) e(~2es*~2ba—2a)
- 64 c2
L b (_ b253ac)
T e ) NP IS
N 64 c2

[In] integrate((e*x+d) "2*cosh(c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/6%e”2xx"3 + 1/2xd*e*x"2 + 1/2%d"2*x - 1/64x(sqrt(2)*sqrt(pi)*(4*c~2*d"2 -
4xb*cxd*e + b"2%e”2 + c*e”2)*erf (-1/2xsqrt(2)*sqrt(c)*(2*x + b/c))*e”(1/2*

(b~2 - 4%axc)/c)/sqrt(c) + 2*(c*e”2*(2*x + b/c) + 4*cxdxe - 2%b*xe~2)*e” (-2%

C*x”"2 - 2%b*x - 2%a))/c”2 - 1/64x(sqrt(2)*sqrt(pi)*(4*c™2*xd"2 - 4*bkckdxe +
b~2%e”2 - cxe”2)*xerf (-1/2*sqrt(2)*sqrt(-c)*(2*x + b/c))*e”(-1/2*x(b"2 - 4xa
xc)/c)/sqrt(-c) - 2*(cxe"2x(2*x + b/c) + 4*ckdke — 2¥bke~2)*e” (2*c*x~2 + 2%

b*x + 2%a))/c"2

Mupad [F(-1)]

Timed out.

/(d+ex)2cosh2 (a+ bz +cz?) do = /cosh(cac2 +bav-|—a)2 (d+ ex)’ dz

[In] int(cosh(a + b*x + c*x~2)72%(d + e*x)~2,x)

[Out] int(cosh(a + b*x + c*x~2)"2%(d + e*x)~2, x)
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Optimal result

Integrand size = 19, antiderivative size = 160

—2a 2 b4+2cx
(d + ex)? N (2cd — be)e~20t 2 @erf(j;\/a)
4e 16¢3/2
2a—£ T b42cx
. (2¢cd — be)e?* 2 ﬁerﬁ(\}%ﬁ>

16¢3/2
L8 sinh (2a + 2bx + 2cx?)

8¢

/(d + ex) cosh® (a + bz + cz?) dzx =

[Out] 1/4%(e*x+d) ~2/e+1/8*e*sinh(2%c*x~2+2*b*x+2%a)/c+1/32*% (~b*xe+2*c*d) *exp (-2*a+
1/2xb~2/c) *erf (1/2% (2*xc*xx+b)*2~(1/2) /c~(1/2))*2~(1/2)*Pi~(1/2) /c~(3/2)+1/32

* (—b*e+2*c*xd) *exp(2*a-1/2*b~2/c) *erfi (1/2* (2xc*x+b)*2~(1/2) /c~(1/2))*2~(1/2
)*Pi~(1/2)/c~(3/2)

Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.00,

number of steps used = 8, number of rules used = 6, Lumber of rules _ 0.316, Rules used
integrand size

= {5503, 5491, 5483, 2266, 2235, 2236}

s ﬁ— a CIT

V/ 5ez " (2cd — be)erf(%)
16¢3/2

s a—ﬁ CT

.\ \/5€2 % (2cd — be)erﬁ(%)
16¢3/2

esinh (2a + 2bx + 2cz®)  (d + ex)?

+ +
8c 4e

/(d + ex) cosh® (a + bz + cz?) dz =
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[In] Int[(d + exx)*Cosh[a + b*x + c*x~2]"2,x]

[Out] (d + e*x)~2/(4xe) + ((2*%cxd - b*e)*E~(-2*%a + b~2/(2*c))*Sqrt [Pi/2]*Erf[(b +
2xc*xx) / (Sqrt [2]*Sqrt[c])])/(16%xc~(3/2)) + ((2*cxd - b*e)*E~(2%a - b~2/(2*c

))*Sqrt [Pi/2]*Exrfi[(b + 2%c*x)/(Sqrt[2]*Sqrt[cl)])/(16*%c~(3/2)) + (e*Sinh[2

*a + 2xbxx + 2xcxx~2])/(8%c)

Rule 2235

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erfil[(c + d*x)*Rt[b*Log[F], 2]11/(2*d*Rt[b*Log[F], 21)), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2236

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pi]l*(Erf[(c + d*x)*Rt[(-b)*Log[F], 2]1]1/(2*d*Rt[(-b)*LoglF], 2]1)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2266

Int[(F_)"((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 5483

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 5491

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sinh[a + b*x + c*x"2]/(2%c)), x] - Dist[(b*e - 2%c*d)/(2%c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2
xcxd, 0]

Rule 5503
Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1 (@ )*((d_.) + (e_.)*(x_))"(m_.)

, Xx_Symbol] :> Int[ExpandTrigReduce[(d + e*x)“m, Cosh[a + b*x + c*x~2]"n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rubi steps

integral = / (%(d +ex) + %(d + ex) cosh (2a + 2bz + 2cx2)> dz
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L |
= % + 3 /(d + ez) cosh (2a + 2bz + 2cz?) dx
(d+ex)? esinh(2a + 2bx + 2cx?) ~ (2cd — be) [ cosh (2a + 2bz + 2cz?) dx
- + +
4e 8c 4c
_ (d+ex)? L e sinh (2a + 2bx + 2cx?)
N 4e 8c
(20d _ be) f e—2a—2bz—2cm2 dr (2Cd _ be) f e2a+2bz+2car:2 dr
+ +
8c 8c
a— b (2b+4cz)2
(d+ex)® esinh (2a + 2bz + 2cz?) <(2Cd be)e 2“) Je s dx
= + +
4e 8c , 8c
2 —2b—4cz
((2cd - be)e‘z“*%) J e T
+ 8c
—2a ﬁ s CT
(Aot (God=be)e i /Tert(2)
=4 ° 16¢3/2
a— b+2cx
N (2cd — be)e™ 5 \/_erﬁ< o ) L€ sinh (2a + 2bx + 2cx?)
16¢3/2 8¢

Mathematica [A] (verified)

Time = 0.44 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.11

/(d + ex) cosh® (a + bz + cz?) dz

(2cd be)v/2merf <b+2°‘”> (cosh (Za - g—i) — sinh <2a — 2—)) (2cd — be)ﬁerﬁ(b”“) <cosh <2a -
32¢3/2

[In] Integrate[(d + exx)*Cosh[a + b*x + c*x~2]72,x]

[Out] ((2*cxd - b*e)*Sqrt[2*Pil*Erf[(b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*a - b~
2/(2xc)] - Sinh[2*%a - b72/(2%c)]) + (2%c*d - b*e)*Sqrt [2*Pi]*Erfi[(b + 2*c*
x)/(8qrt [2]1*Sqrt [c])1*(Cosh[2*a - b~2/(2xc)] + Sinh[2*a - b~2/(2*c)]) + 4xS

qrt [c]*(2xc*x*(2+d + e*x) + e*xSinh[2*(a + x*(b + c*x))]))/(32%c™(3/2))
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Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 231, normalized size of antiderivative = 1.44

method | result

4ac—b2

_ »2
dz + erf(‘/i ﬁx+%)ﬁﬁde 2¢c . e—2aee—21(cz+b) . e_2aebﬁe 2c \/5 erf(x/i \/E:ZH—%) _ erf(_\/
4 2 16/ 16¢ 3203

risch

[In] int((exx+d)*cosh(c*x”~2+b*x+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/4*exx~2+1/2*%d*x+1/16xerf (27 (1/2)*c~(1/2)*x+1/2%b*27(1/2)/c~(1/2))/c~(1/2)
*27(1/2)*Pi~(1/2) *d*exp (-1/2% (4*a*xc-b~2) /c)-1/16%exp(-2*a) *e/c*kexp (-2xx* (c*
x+b))-1/32%exp(-2*a) *e*b/c” (3/2) *Pi~(1/2) *exp(1/2%¥b~2/c) *2~ (1/2) *erf (27 (1/2
)*c™(1/2) *x+1/2%b%27(1/2) /c~(1/2) ) -1/8%erf (- (-2%c) ~(1/2) *x+b/ (-2%c) " (1/2))/
(-2%c)~(1/2)*Pi~ (1/2) *d*exp(1/2* (4*xa*xc-b~2) /c)+1/16xexp(2*a) *e/c*xexp (2*x* (c

*x+b) ) +1/16%exp(2*a) *exb/c*Pi~(1/2) *exp(-1/2xb~2/c) / (-2*c) ~(1/2) *erf (- (-2x*c

)~ (1/2) *x+b/ (-2%c) " (1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 777 vs. 2(130) = 260.

Time = 0.27 (sec) , antiderivative size = 777, normalized size of antiderivative = 4.86

/(d + ex) cosh® (a + bz + cz?) dz

2 ce cosh (cz? + bz + a)* + 8 ce cosh (cz? + bz + a) sinh (cz? + bz + )’ + 2 cesinh (cz? + bz + a)* — /2y

[In] integrate((e*x+d)*cosh(c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] 1/32*%(2*c*excosh(c*x™2 + b*x + a)~4 + 8*cke*cosh(c*x™2 + b*x + a)*sinh(c*x™
2 + b*x + a)”3 + 2kcxe*xsinh(c*x"2 + bxx + a)~4 - sqrt(2)*sqrt(pi)*((2*c*xd -
b*e) *cosh(c*x™2 + b*x + a) 2*cosh(-1/2*%(b"2 - 4x*ax*c)/c) + (2*c*d - bxe)*co
sh(c*x™2 + bxx + a) 2*sinh(-1/2%(b"2 - 4x*ax*xc)/c) + ((2*c*d - bxe)*cosh(-1/2
*(b"2 - 4xaxc)/c) + (2xc*d - b*e)*sinh(-1/2*(b~2 - 4*a*c)/c))*sinh(c*x"2 +
b*x + a)~2 + 2% ((2*c*xd - b*e)*cosh(c*xx™2 + b*x + a)*cosh(-1/2*x(b"2 - 4xaxc)
/c) + (2%c*d - bxe)*cosh(c*x"2 + b*x + a)*sinh(-1/2*%(b"2 - 4*ax*c)/c))*sinh(
c*x”"2 + b*x + a))*sqrt(-c)*erf(1/2xsqrt(2)*(2*c*x + b)*sqrt(-c)/c) + sqrt(2
)*sqrt (pi)*((2xc*d - b*e)*cosh(c*x™2 + b*x + a) 2*kcosh(-1/2*%(b"2 - 4*axc)/c
) — (2%c*d - b*e)*cosh(c*x”™2 + b*x + a) " 2*sinh(-1/2%(b"2 - 4x*ax*xc)/c) + ((2*
cxd - b*e)*cosh(-1/2*%(b~2 - 4*a*c)/c) - (2*c*d - bxe)*sinh(-1/2*x(b"2 - 4xax
c)/c))*sinh(c*x"2 + b*x + a)~2 + 2% ((2*xc*xd - b*e)*cosh(c*x™2 + b*x + a)*cos
h(-1/2%(b~2 - 4*a*c)/c) - (2%c*d - b*xe)*cosh(c*x"2 + b*x + a)*sinh(-1/2*x(b"
2 - 4xaxc)/c))*sinh(c*x™2 + b*x + a))*sqrt(c)*erf (1/2*sqrt(2)*(2*c*x + b)/s
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qrt(c)) + 8%(c™2*%e*xx"2 + 2%c~2xd*x)*cosh(c*xx™2 + b*x + a)~2 + 4*(2%c™2*kexx”
2 + 4xc”2*d*x + 3*xckekxcosh(c*x™2 + b*x + a)~2)*sinh(c*x”2 + b*x + a)~2 - 2%
cxe + 8*(c*xexcosh(c*x™2 + bxx + a)~3 + 2x(c™2%e*x"2 + 2%c~2*d*x)*cosh(c*x~2
+ b*x + a))*sinh(c*x"2 + b*x + a))/(c"2*cosh(c*x™2 + b*x + a)~2 + 2%c”~2*co
sh(c*x™2 + b*x + a)*sinh(c*x™2 + b*x + a) + ¢ 2*sinh(c*x"2 + b*x + a)~2)

Sympy [F]
/(d + ez) cosh® (a + bz + cz?) dz = / (d+ ex) cosh® (a + bz + cz?) dx

[In] integrate((e*x+d)*cosh(ckx**2+b*x+a)**2,x)

[Out] Integral((d + e*x)*cosh(a + bkx + ckx**2)**2, x)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 301 vs. 2(130) = 260.

Time = 0.37 (sec) , antiderivative size = 301, normalized size of antiderivative = 1.88

/(d + ex) cosh’ (a + bz + cz?) dz
1 \/ﬁﬁerf <\/§\/—_cx — %) e(Qa—lz’*c) ﬁﬁerf (ﬁ\/&x + %) e(—2a+37)
16 Ve i Ve

cx 2
/s ﬁ(zchrb)b(erf(\/;/—M)—l) ~ ﬁe(@%”)) e<2“_3%> Y \/7?(2cac+b)b<erf(\/gx
\/_ (2 ca:+b)2 C% \/E \/(2 cz—}—b)2 (

— | 8x2—
-I-32 T e

+8x |d

[In] integrate((e*x+d)*cosh(c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] 1/16*(sqrt(2)*sqrt(pi)*erf (sqrt(2)*sqrt(-c)*x - 1/2*sqrt(2)*b/sqrt(-c))*e(
2%xa - 1/2%b~2/c)/sqrt(-c) + sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(c)*x + 1/2*sq
rt(2)*b/sqrt(c))*e~(-2%a + 1/2%b~2/c)/sqrt(c) + 8*x)*d + 1/32%(8*xx"2 - sqrt
(2)*(sqrt (pi) *(2*c*x + b)*b*x(erf(sqrt(1/2)*sqrt(-(2*xc*x + b)~2/c)) - 1)/(sq
rt(-(2%xcxx + b)~2/c)*c”(3/2)) - sqrt(2)*e”(1/2*%(2*c*x + b)~2/c)/sqrt(c))*e”

(2xa - 1/2¥b~2/c)/sqrt(c) - sqrt(2)*(sqrt(pi)*(2*c*x + b)*bx(erf(sqrt(1/2)x*

sqrt ((2*%c*x + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)~(3/2)) + sqrt(2)*c*

e~ (-1/2%(2xc*x + b)~2/c)/(-c)~(3/2))*e~(-2%xa + 1/2*b~2/c)/sqrt(-c))*e
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Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.03

/(d + ex) cosh® (a + bz + cz?) dz

b2—4dac
1 b “2c
N V2/7(2 cd—be) erf<—2ﬁﬁ(2z+c)>e< ) 4 9 pel-2er—2ba-20)
=—-ex’+ —dx —
4 2 32¢
_b2—4ac
V2/7(2 cd—be) erf(—%ﬂﬁ(2x+%))e( 2c )

—C

-9 66(2 cx2+2bx+2 a)

32¢c

[In] integrate((e*x+d)*cosh(c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/4*exx~2 + 1/2xd*x - 1/32%(sqrt(2)*sqrt(pi)*(2*cxd - b*e)*erf (-1/2*sqrt(2)
xsqrt (c)*(2xx + b/c))*e~(1/2*%(b"2 - 4*axc)/c)/sqrt(c) + 2%exe” (-2%c*x~2 - 2
*bxx - 2*a))/c - 1/32*(sqrt(2)*sqrt(pi)*(2xcxd - b*e)*erf (-1/2*sqrt(2)*sqrt
(—c)*(2xx + b/c))*e”(-1/2%x(b"2 - 4xaxc)/c)/sqrt(-c) - 2%e*xe” (2kc*x~2 + 2%bx*

X + 2*xa))/c

Mupad [F(-1)]

Timed out.

/(d—|—ex) cosh’ (a + bz + c2?) dz = /cosh(csl:2 +bx+a)2(d—|—eas) dz

[In] int(cosh(a + b*x + c*x~2)72%(d + e*x),x)

[Out] int(cosh(a + b*x + c*x~2)"2*%(d + e*x), x)
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cosh? (a+bz+cz?)

3.33 [ otloterer)
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Optimal result

Integrand size = 21, antiderivative size = 21

/ cosh? (a + bz + cx?) dr — log(d + ex) N lInt cosh (2a + 2bz + 2cz?) .
d+ex 2e 2 d+ex ’

[Out] 1/2*%1n(e*x+d)/e+1/2xUnintegrable (cosh(2*c*x~2+2*xbxx+2+*a) /(exx+d) ,x)

Rubi [N/A]
Not integrable

Time = 0.03 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00, number

of steps used = 0, number of rules used = 0, Bumber of rules _ 0.000, Rules used = {}
integrand size

dz

/ cosh? (a + bz + cz?) / cosh? (a + bz + cz?)
dx =
d+ex d+ ex
[In] Int[Coshl[a + b*x + c*x"2]"2/(d + e*x),x]
[Out] Logl[d + exx]/(2*e) + Defer[Int] [Cosh[2*a + 2xbxx + 2xc*x~2]/(d + exx), x]/2
Rubi steps

1 cosh (2a + 2bx + 2cz?)
. =
integra / <2(d Fer) 2(d + ex) ) dz

dz

2 d+ex

log(d+ex) 1 [ cosh(2a+ 2bx + 2cz?)
T T 2e T2
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Mathematica [N/A]

Not integrable
Time = 2.49 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

2 2 2 2
/cosh (a+bx+cx)dm=/cosh (a+bx+cx)dx
d+ex d+ex

[In] Integrate[Cosh[a + b*x + c*x~2]72/(d + e*x),x]
[Out] Integrate[Cosh[a + b*x + c*x72]72/(d + e*x), x]

Maple [N/A] (verified)

Not integrable
Time = 0.05 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00

2 2
/cosh(cm + bz + a) i
er+d

[In] int(cosh(c*x~2+b*xx+a) "2/ (e*x+d) ,x)

[Out] int(cosh(c*xx~2+b*x+a) 2/ (e*x+d),x)

Fricas [N/A]

Not integrable
Time = 0.25 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

2 2 2 2
/cosh (a+bx+cm)dx=/cosh(cx + bz + a) i
d+ex er+d

[In] integrate(cosh(c*x~2+b*x+a) 2/ (e*x+d),x, algorithm="fricas")

[Out] integral(cosh(c*x~2 + b*x + a)~2/(e*xx + d), x)

Sympy [N/A]

Not integrable
Time = 41.99 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.90

2 2 2 2
/cosh (a+bx+cx)dx=/cosh (a+bx+cm)dm
d+ex d+ex

[In] integrate(cosh(ckxx**2+bxx+a)**2/(e*x+d) ,x)

[Out] Integral(cosh(a + b*x + ckxx**2)**2/(d + e*x), Xx)
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Maxima [N/A]

Not integrable
Time = 0.36 (sec) , antiderivative size = 72, normalized size of antiderivative = 3.43

2 2 2 2
/cosh (a—l—bx—i—ca:)dx:/cosh(cx + bz + a) i
d+ex ex +d

[In] integrate(cosh(c*x~2+b*x+a) 2/ (e*x+d),x, algorithm="maxima")

[Out] 1/2*log(e*x + d)/e + 1/4xintegrate(e”(2%c*x~2 + 2xbxx + 2%a)/(e*xx + d), x)
+ 1/4xintegrate(e”(-2*c*x~2 - 2*b*x)/(exx*e~(2%a) + d*e”(2*a)), x)

Giac [N/A]

Not integrable
Time = 0.30 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

2 2 2 2
/cosh (a+bx+ca:)dx=/cosh(cac + bz + a) i
d+ex er+d

[In] integrate(cosh(c*x~2+b*x+a)~2/(e*x+d),x, algorithm="giac")

[Out] integrate(cosh(c*x™2 + bxx + a)~2/(exx + d), x)

Mupad [N/A]

Not integrable
Time = 1.61 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.10

2 2 2 2
/cosh (a+bx + cx )dxz/cosh(cx +bx+a) d
d+ex d+ex

[In] int(cosh(a + b*x + c*x"2)"2/(d + e*x),x)

[Out] int(cosh(a + b*x + c*x~2)"2/(d + e*x), x)



198



CHAPTER 4

APPENDIX

4.1 Listing of Grading functions . . . . . . . .. ... ... L oL, 199

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)

(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)

(*
(*

(* ::Subsection:: *)

Small rewrite of logic in main function to make it*)
match Maple's logic. No change in functionality otherwis

(*GradeAntiderivative[result,optimal]*)

(* ::Text:: *)

(*If result and optimal are mathematical expressions, *)
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(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];
expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complez*)
If [1leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}

, (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
» (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (*ELSE*) (*result does mnot contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}
1;
finalresult

(* ::Text:: *)
(*The following summarizes the type number assigned an *)

Result,leafCor

leaf count i

f optimal. $":

al. Order "<>




(*expression based on the functions it involves*)
(*¥1 = rational function*)

(¥2 = algebraic function*)

(*¥3 = elementary function*)

(%4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(*7 = rootsum function*)

(*¥8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType[expn[[1]]],
If [Head[expn[[2]]]===Rational,
If[IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]1],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],71]1,
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
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Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
},func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);




#
#
#
#
#
#
#
#

IIFII

IICII
"BII

IIAII
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#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=", ExpnType
fi;

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

if ExpnType_result<=ExpnType_optimal then

if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non s

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",

rsion issues

. optimal);

af count of




convert (leaf_count_optimal,string)," ) = ",con

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
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print("result do not contain complex, this assumes optimal do

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;

return "B",cat("Leaf count of result is larger than twice the lea
convert(leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver

fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal. Or

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

vert (2*leaf_c

not as well")

f count of op

t (2+leaf_coun

der ",
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The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

ExpnType := proc(expn)

if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest(expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
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9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriciF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False
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except AttributeError as error:
return False

def expnType(expn):

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)), maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, 1list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:

,ezpn) ), Expn Ty

x')

ist,expn]],7]],
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

grade_annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth’,'arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question /49179 /what—is—sagemath—equivalent—to—atomic—t;
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1list: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #mazx(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn.
Add) or isinst

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

>sult is larger th

1. "+str(leaf ¢

xpnType_ resul
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